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In this paper similarity situations between one-parameter groups of operators
are characterized in terms of analytic generators and spectral subspaces, and
ergodic properties of one-parameter groups are studied. These topics permit us
to give "noncommutative" extensions of classical results from the theory of
Hardy's H" spaces. As major applications we mention the possibility of use of
the analyticity notion from Arveson (A mer. .T. Math. 89 (1967),578-642) for one
parameter groups of *-automorphisms of operator algebras with "good" ergodic
properties (see Section 3), and a procedure to "improve" implementing groups
of unitaries for one-parameter groups of *-automorphisms of operator algebras
(see Section 5).

INTRODUCTION

Let X be a Banach space, a an appropriate weak topology on X and
{VtLE~ a bounded a-continuous one-parameter group of a-continuous linear
operators on X. Following [8] we can associate to {VI} an injective a-closed
linear operator B in X, called the analytic generator of {VI}, which deter
mines uniquely {VI}' In [8] and in the first section of this paper, spectral
subspaces of B are associated to each closed connected subset of (0, -;- CIJ), in
the same way as this is done for injective positive selfadjoint linear operators
in Hilbert spaces. It is shown that these spectral subspaces are the same as
those defined in [3].

In Section 2 we characterize general similarity situations between one
parameter groups in terms of their analytic generators and in terms of the
associated spectral subspaces (Theorems 2.1 and 2.2).

In particular, the spectral subspaces of B determine uniquely {VI)' Part
of these results was proved under some additional assumptions in [3] and our
proofs are strongly inspired from the techniques used in [3]. Theorem 2.1 can
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be used in a treatment of the basic facts in Tomita's theory of standard
von Neumann algebras, following the sketch given in [28]. Theorem '") '")
implies general implementation results (Corollaries 2.5 and 2.6) which are
used later.

In Section 3 we analyze the influence of a "weak ergodic property" of'
{U i } on the density properties of the spectral subspaces (Theorem 3.1 and
Corollary 3.2) and establish a connection betvveen an "ergodic property"
of {['i: and the behavior of B" when II • CIJ or II-~ ex, (Theorem 3.6 ). If
X is a Banach algebra with a separately a-continuous product, UI are multi
plicative and: Liii have the "global ergodic property. "then we can associate
to {Lit: an "analyticity structure" in the sense of [I] (Theorem 3.8 and the
discussion at the end of this section). This is an answer to a question raised in
[3].

In Section 4 we give an imbedding of: 01: in a one-parameter group which
acts in the dual of a Banach space and which is I-weakly continuous. Using
an extension of the classical F. and M. Riesz theorem (Theorem 4.1) we
characterize this imbedding in the case when X is a C*-algebra with a sepaLl
tely a-continuous product and Li, are --automorphisms (Corollary 4.2). Wl'
remark that Theorem 4.1 was proved under a norm-continuity hypothesis
with essentialy the same proof, in [3]. Part of the classical Szego
Kolmogorov Krein theorem is also extended (Theorem 4.3).

In Section 5 we consider a von Neumann algebra'( B(lI) and an X)
continuous one-parameter group: (I,: of' -automorphisms of. X and \\(,;
describe those closed linear subspaces of II which arc imari:mt under the
action of the operators belonging to the spectral subspace of B associated to
(0, I] (lhcorems 5.1, 5.2, and 5.3). So we obtai n extensions of clasical
invariant space results of Wiener, Beurling, Lax, Helson, and Lowdenslager
(for these we send you to [14]). We also obtain an extension of Wermer's
Maximality Theorem (Corollary 5.9).

Theorem 5.3 permits us to point out a procedure to "improve"' imple
menting groups of unitaries for {U I ). Using this procedure, we reobtain the
proof presented in [3] for some implementation results of Kadison, Sakai,
and Borchers (Corollaries 5.6 and 5.7) and we also obtain another implemen
tation result (Theorem 5.12).

We remark that some results contained in this paper (for exemple.
Theorem 2.2 and Lemma 5.10) can be extended for genera! locally compact
groups of operators (see [29]).

J. SPECTRAL SUBSPACES

The ,1I1ll or this section is to complete the results of [3, Section ).
8, Section 5].
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In this paper, by a dual pair of Banach spaces we understand any pair
(X, ,~) of complex Banach spaces, together with a bilinear functional;

X X ,~:3 (x, 'P) f-+ (x, 'P>,

such that:
( i)

(ii)

x

'P

sup !(x,
fJ)E,SF

;!<pil<l

sup (x, 'P>!
XEX

li!'l> 1

for any x E X;

for any 'P E J;;:

(iii) the convex hull of each relatively ,~-compact subset of X IS

relatively ,~-compact:

(iv) the convex hull of each relatively X-compact subset of ,Y;- IS

relatively X-compacL

We recall that in [8] the definition of a dual pair of Banach spaces requires
only the present conditions (i) and (ii). However, in the main results from
[8] also conditions (iii) and (iv) are required.

We remark that if X is an arbitrary Banach space, then (X, X*) and (X*, X)
are dual pairs of Banach spaces.

Let Q be a locally compact Hausdorff space, fL a complex regular Borel
measure on Q, and F: Q ---+ X such that for each rp E.~ the function:

Q:3 ,-.:-+ (F(cx), 'p

is fL-integrable. If there exists Xp E X such that

r (F(c-.:),
·n

then we denote

'pE.~.

xp= § -- r F(-.:) dfL(C'i) .
• 1]

Sufficient conditions for the existence of the .~-integralare given by Proposi
tion 1.2 [3] and Proposition 1.4 [8].

Denote by B:F(X) the linear space of all ?-continuous linear operators on
X. A olle-parameter group {Vt ] td! in BF(X) is called ?-continuous if for each
x E X and rp E:¥" the function tf-+ (VI.x, is continuous. We say that
{VI} is bounded if SUPtE~ VI I < +- w.

If Q is a subset of iC and F ; Q ---+ X, then F is called .Y;--regular if it is .'F

continuous and its restriction to the interior of Q is analytic. For any .~-
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continuous one-parameter group lUt ; in By;(X) and any 'x E C, a linear
operator Bo is defined (see [8], Section 2):

X:

F,(.'t),

ir~->- Ulx has an .;I'--regular extension F.r on/
the closed vertical strip between 0 and Re\\

B, is called the analytical e.\tellsion of {U t : inc. The iilwlytic gCl/erator of
{U I ) is B B] . By [8], Lemma 2.2. the sequential I-closure of U"c '//1,
is X.

If T is an .:Jl'-densely defined linear operator in X then we deline the
adjoint T* of Tin .JF in a usual way:

there exists 'f; ~.F such that for each x E (J-T/

x. 0 T\. q \

T*q

It is easy to see that P is X-closed and if T E By;(X) then T* E BAY). If
{U t ) is an .F-continuous one-parameter group in BF(X) then {UI *} is an
X-continuous one-parameter group in B,(.F).

1.1. THEOREM. Let (X. I) be a dual pair of Banach spaces, {UI an,Y-
continuous one-parameter group in BF(X) and Bn its analytical extCllsion in
,x E C. ThCl/ the analytical extension of {U , in 'x is the adjoint B,< of B, .

Proof: Let ,f; be an element in the domain of the analytical extension
of {U ,*; inx. Then there exists an X-regular mapping Fq : {y E C: Re y
between 0 and Rex: --'; .F such that

t E IR'.

For each xc 9 H the regular functions

Y f ->- <8.,.x, (( .

defined on {y E C: Re y between 0 and Re exL coincide on the imaginary axis.
so they coincide everywhere. In particular.

, f~( = <B,x,

Hence (( f '/[1" and B,* (( is equal with the value in ~ of the analytical exten
sion of {U ,*} i~ ex.

Now let ([ E'Yn , .
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By [IS], Theorem 7.6.1 (see also [8], Lemma 2.1) there exist u, C 0 such
that

( E IR.

Let x E X be arbitrary and consider a net {.n] C //B, which converge to .\ in
the Mackey topology associated to the .'jC-topology. For each L

Y f-+ C·I; il\S•.YL •

IS a bounded regular function on {y E C; Re y between 0 and Re '-:. Since
the convex hull of

is relatively x-compact

uniformly for ( E IR. Analogously.

uniformly for ( E IR. By the Pragmen--LindelOf principle, the net {y,+
e(yil':B,.XL , rp/} of bounded regular functions on {y E iC; Re y between 0
and Re 0:) converges uniformly to a bounded regular function G" . For each
( E [R

G,,.{!'- ..- it) ~ ell' !II

I n particular, G,. does not depend on the choice of the net {XL:. Denoting by
K the convex hull of

K is relatively X-compact. For any X E X and any y E iC with Re y between
o and Re 0:

sup
,',,:K

. w, .

So, for fixed y E iC with Re y between 0 and Re 0:, x ~)- Gly) is a linear
functional on X, continuous in the Mackey topology associated to the §

topology. Hence there exists G(y) E .7 such that

xc X.
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Obviously, G is an X-regular mapping defined on {y E iC: Re y between 0
and Re 0:1 and

GUt)

G(c.:) = ('-<0 (il"B, * <po

Putting F(y) ('(;-.0' G(y), F is an X-regular mapping on {y E C; Re y
between 0 and Re c.:j and

FUt)

F(c'() B,* (I"

t E IR,

Consequently <p is in the domain of the analytical extension of {U ,*: in "and
the value of this in ep is B/ep. Q.E.D.

In particular, the analytic generator 01'1 U,"': is the adjoint of the analytic
generator of {U ,].

We remark that by Theorem 1.1 B, B*;i, so Bo is §-c1osed (see [8].
Theorem 2.4). Theorem 1.1 implies also the selfadjointness of the analytic
generator of one-parameter groups of unitaries on a Hilbert space (see [8],
Theorem 6.1).

If {Uti is a bounded §-continuous one-parameter group in BF(X) and
B is its analytic generator, then for 0 \ A~ CfJ the spectral subspace
XB( [A] , 1\]) is defined by

1/,\. E n r;r -\.-
o B" ; "I}]],

We recall that these spectral subspaces satisfy properties (i)-(vii) from [8].
Section 5. By property (v) and Theorem 5.2 [8], the restriction of {U t : to
each XB([A] ,A2]), 0 < AI A~ ! 00, is uniformly continuous. Now we
define for 0 A - x the spectral subspaces

I, ~~,

X E n'Y
B
,,; Iir,n i B"xi1;n

n-,-:
n=l

A.

-1

XE n (j;Bn: lim
n . ;'f
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By the proof of [8], Lemma 5.1

83

BEx 'S;,.\E sup V, Ii' .Y 11,
tEIR

,.\-E sup I; V t II' x Ii>
tEIR

X E XB«O, ,.\]), E 0,

X E XB([,.\, +- 00)). E O.

In particular, XB«O,"\]) and XB([,.\, +00») are norm-closed.

1.2. LEMMA. Let (X, Y) be a dual pair of Banach spaces, {Vt}IE~ a
bounded Y;-continuous one-parameter group in B.'F(X), Ba its analytical
extension in ex E C and 0 < ,.\ < + 00. Thenfor any x E XB«O, ,.\])

Re, O.

and for each x E XB(["\,T 00»

Re, O.

Proof Let x E XB«O, "\]). Define the bounded Y-regular mapping F on
{rY E C: Re ex ~?; O} by

Using the Poisson formula (see [16, Chap. 8.]), we have

I _ r+<X) Re ex .
F(ct) = --.;;,,/, - -.<X) (Re ex)2 + (1m ex- tl F(If) dt,

so

The proof of the second formula is analogous,

Re 'rY > O.

Re.x > O.

Q.E.D.

By Lemma 1.2 Ba , Re ex ;;::; 0, are Y-continuous on XB«O, ,.\]), 0 < ,\ <
-c' 00, and Ba , Re ex ::;; 0, are .~-continuouson XB([,.\, + 00», 0 < ,.\ < + 00.

1.3. LEMMA. Let (X, Y) be a dual pair of Banach spaces, {VtltE~ a
bounded .'F-continuous one-parameter group in Byc(X) and 0 < ,.\ < + 00.

Then

XB«O, ,.\]) =~ sequential .~-c1osure oj' U XB([JL. ,.\]),
O<ll<;,\

XB([,.\, + 00» = sequential Y-closure (~j' U XB([,.\, JL]).
'\</l<+OC
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Proof. Let {x,,} C ){B«O. ,\]) be an .F-convergent sequence and x its limit.
By [8], Proposition 1.1, sup" I x, 'YJ.

Let f1 I. Following Lemma 1.2. for each II.

Using the Lebesgue dominated convergence theorem, we deduce that the
sequence {B"X,:h is convergent in the §-topology. Since Bn is .F-closed
(see [8], Theorem 2.4), it follows that

B"x

So

B"x, 1\" sup Vi sup X"
I.·~ Ie

Since f1 is arbitrary, it follows that

that is

x n ·7:B",
IIc,=,t

lim B"x .,1.11
11 ,·1.J

Consequently XIJ(O, ,\]) is sequentially .F-closed and we deduce that se
quential .:F-closure of UIJ:~CA XB([fl-, ,\]) C XB«O, '\]). Now let x E X8«O, '\]).
Consider a sequence U;;.} C Ll(lR) as in [8], Lemma 5.5. Using [8],
Corollary 2.5, it is easy to see that for any II.

.\;. I Jr' fJt) Vlx dt E XB(O, '\]).

On the other hand, by [8], Lemma 5.4, Xi; E XB([e-a", e3"]). So, for e:l" '\,

X,,, E XB([e-a", '\]).

Finally, following [8]. Lemma 5.5, iF-lim" x" ..~. x. Consequently,

XB«(O, ,\]) C sequential .F-closure of U XB([fl-, '\]).
0<11:(;"-

The proof of the second equality is similar.

For eachfE U(IR) we denote by fits inverse Fourier transform

f(s) = f' Y> fU) e'st dr.

Q.E.D.
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We define for 0 < A < +cx;

85

XB((O, it)) == sequential §-closure of

~
x e X,f E V(IR),f E C2(1R)I

< §-- .I'," f(t) Vtx dt; supp / is compact and is .
included in (- cx), In A) ,

)(8((A, cx;))= sequential ,'F-closurc of

~
XEX,fELI(IR),fEC2(1R))

§ -~ J," f(t) VI\" dt; supp / is compact and is (,
included in (In A, . ex;) )

We shall prove now the "regularity property" corresponding to [3],
Proposition 2, and [8], Theorem 5.6;

1.4. THEOREM. Let (X, §) be a dual pair of Banach spaces, {(j a
bounded .'F-continuous one-parameter Rroup in B;;(X) and 0 < it cx;.

Then

\(8((0, A]) = n XB((O, ito))
8>1

== !\" c= X. for each f E V(r~).:c supp / n (- w, In it] = I.
• ~ , H'e hal'e §- fU) Vlx dt 0 \ '

.- ··,'f_

and

for each f E V(IR), supp / n [In it, -+ OJ) =

we have ,"F -~ L",'" f(t) Vlx dt == 0

Proof Denote

!
for each! E U(IR), supp / n (- w, In it]

S = X E X; we have .'F - .c: f(t) Vlx dt === 0

Then S in ."F-closed.
By [8], Corollary 5.7, for any 0 < fL ,:;; A

so, using Lemma 1.3,

XB((O, it]) C S.
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Let XES and 8· I. Consider a sequence {I,/} CU(IR) as in [8], Lemma 5.5,
and denote

IfIE U(IR), supp/ n [-3n, In A]- , then supp (f if,,) n (-- 00, In A]
so

§ - t: f(t) Vtx" dt =.Y J. /(/,/;/) Lltx tit ..~ 0.

Using [8], Theorem 5.6, it follows that

Hence

x == .Y - lim x" E XB«O, A8)).
n

Consequently,

sen XB«O, A8)).
8>1

Finally, let 8 > I and x E X «0, A8)). Then there exists a sequence U,/} C
U(IR) such that for each n, I" E C2(1R), supp /" C (In fLn ,In(A8)) where°< fLn ~ Ao, and a sequence {x"l C X such that

x .Y - lim.#
11

r j~(t) VI'n dt .
~, ._--'f)

Using [8], Theorem 5.6, it is easy to see that

By Lemma 1.3 it follows that x E XB«O, A8]). Thus

n XB«O, Ao)) C n XB«O, A8]) = XB«O, A]).
a>l a>1

The formulas for XB([A, + 00)) have analogous proofs. Q.E.D.

An important consequence of Theorem 1.4 is that each XB«O, A]) and
XB([A, + 00)) is closed. So, property (vii) from [8], Section 5, is conserved
for the spectral subspaces introduced here.

We remark that by Theorem 1.4 Arveson's spectral subspaces MU« -- er",
In A]) and MU([ln A, +00)) from [3] coincide with XB«O, A]), respectively,
XB([A, + 00)).
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If °< A< + CIJ, in general X is not the .~-c1osure of XB«O, A)) + XB
([A, + CX))), so the statement before [3], Proposition 2.2, is not true. For
example, if X C([O, I)), .'IF = x* and

(UIf)(s) ('il'f(S),

then it is easy to see that

fEX,

XB(O, (,1;2)) C~ {IE X: supp/C [0, ~]},

XB([e l
/
2

, -+ CIJ» = {IE X: supp/C [L IJ),

so, for each I in the .~-closure of .P((O, eliZ ]) + XB([e li2 , + CIJ) we have
fm o.

In Section 3 we shall see that the above statement is related with the
ergodic properties of the group {t\ -if UI :.

We shall now give the connection between the spectral subspaces of
{UI} and {UI*j.

For S C .'F we denote by S/ its annulator in X;

Sx = {x E X: <x, rp) = °for any rp ESj.

1.5. COROLLARY. Let (X, :F") be a dual pair of Banach .\paces, {UiLElk a
bounded .'IF-continuous one-parameter group in B2k(X) and 0 < t\ < + CIJ.
Then

XB«O,t\]) = ( U .'FB*([fL, +CIJ))("
-'<J.L<, ex. X

and

XB([;\, +CIJ) = ( U .~B*«O, fLDt.
O<~<A x

Proof Using Theorem 1.4, it is easy to see that both XB«O, t\]) and
(UA<I1<+OJ 3TH*([fL, + CIJ)))~ are equal with the set of all x E X for which

r+OOfCt)<UtX, rp) dt = 0
~·-co

whenever I E V(IR), suppJC (In t\, + CX)) and rp E .'F.
The proof of the second equality is similar. Q.E.D.

Finally, supposing that in X we have additional structures compatible with
the duality and that {Ut } preserves these structures, we look for special
properties of the spectral subspaces.
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We say that a complex Banach space .¥ is in duality with a complex Banach
algebra X if there exists a bilinear functional

x .¥ 3 (x, 'p) r, x, rp

with which (X, ,¥) becomes a dual pair of Banach spaces and for each x t= X
the mappings

r r Xl'

v ~~-r yx

are SF-continuous. In this case, for each 'P t= ,¥ and x E X there exist elements
Lx'P and Rx'P of ,,¥ such that

(y, Lx'f!)

y, Rj,'P

.xy, 9)';,

yx,

yEX,

yEX.

We say that a complex Banach space .Y; is in duality with a complex
Banach space with inw/ution X if there exists a bilinear functional

X >~ ,,¥ 3 (x, 'p) f)- (P

with which (X, .¥) becomes a dual pair of Banach spaces and the mapping

,1':-+ .1'''

is ,F-continuous. In this case, for each '1' t=.¥ there exists (1'* t= SF such that

(y, l' E X.

Now let X be a C*-algebra. Suppose that .¥ is in duality with the Banach
algebra X: then .'¥ can be considered a subspace of x* and X** is a W*
algebra with predual x* (see [24], Theorem 1.17.2). So, for '1' E SF and
x E X**, one can define the elements Lx'P, Rx'P of x* and it is easy to verify
that Lx'P and Rx'P belong to .'¥. If 'p E SF and '1' = R" ! 'P! is its polar
decomposition (see [24], Theorem 1.14.4) then I 'P R 1,*'p t= SF hence,
putting 'P*= L", ! 'P I, we have 'P* EO .'F and

(y, <v*y, 1'P I> == y*/", 'I' Y E Y.

It follows that SF is in duality also with the Banach space with involution
X.

We remark that if X is a C*-algebra, then x* is in duality with X and if X
is a W*-algebra, then also its predual X j is in duality with X.
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1.6. THEOREM. Let X be a complex Banach algebra, §' a Banach space
ill duality lI'ith X, alld {VILEI! a bounded .¥-continuous one-parameter group
of .¥-continuous automorphisms of the algebra X. Then:

(i) for each c.: E C, friBa is a subalgebra of X and Bex is multiplicatire;

(ii) for each 0 < A, flo < oc,

XB«O, A]) XB«O, flo)) C XB«O, Aflo]),

XB([A, .~ 00)) XB([flo, -'- 00)) C XB([Aflo, ., 00)).

Further, let X be a complex Banach space with inwlution, J a Banach
,Ipace in duality with X and {V1}lelJil a bounded .JF-continuous one-parameter
group of .JF-continuous automorphism,I' of the linear space with inwlution X.
Then:

X E ::i'B,:

(ii) for each 0 < A < 00,

XB«O, A))* P([l/A, --j- 00)).

Proof: We suppose first that X is a Banach algebra and VI are multiplica
tive. Let 0 < Al :::-; A~ < ..c. 00, X E XB([/\ , A~]) and 0 < flol flo~ < + 00,

Y E XB ([flol ,02])' Then" c-~ (Brxx)(B"y) is an integer extension of it H· (Vlx)
(VI y) Ute\'y), so

Moreover,

B,(xy) (B,x)(B,y),

that is

lim I! B"(xy)11 1 ;n :::-; lim (il B"x I!l/" Ii B",v Win) :::-; A202 ,
n-)~ n~~

lim II B-n(xY)111/" < lim (II B-n'( 11 1 / n II B-ny 111/11) :::-; ~l_
n---d~ 1l----'?XJ 1t.1 {L1

Using the fact that for each c.: E C the .JF-closure of Bex I UO<A
1
<A

2
<+'D

XB([A 1 , A2]) is B, , it follows (i) and using Lemma 1.3, (ii) follows.
Second, we suppose that X is a Banach space with involution and that VI

commute with the involution. Let c.: E I[: and x E!JJB ; then y H- (B_yY)* is
an .JF-regular extension of it ~+ (Vtx)* = Vtx* to (y E 1[:: Re y between 0
and Re(-ei)}, so
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If°< A < -f C/J and x E XB((O, A]) then

that is

X*E n (YBn )*
II 1

Em :1 B n,"
11 '

-1

n YE ,,·

rim I(B"x)* ,1/;,
n-' /

A.

The proof of the inclusion XB([ljA, C/J) C XB((O, AD* is analogous.
Q.E.D.

We remark that Theorem 1.6(ii) extends [3], Lemma 3.1. Theorem 1.6(ii)
can be proved easily also if we start with Arveson's definition of the spectral
subspaces and it was known by Arveson.

Suppose that X is a Banach algebra and VI are multiplicative. By
Theorem 1.6(ii), XS((O, I]) is a subalgebra of X and XB((O, AD, ° A < l.
are two-sided ideals of XB((O, 1]). Analogously, XB([I, -+ w» is a subalgebra
of X and X([/\, -~ w), I ,\ co, are two-sided ideals of XIJ([I. C/J)).

In Section 3, we shall give conditions under which there exists an {Vll
invariant ff-continuous linear projection of X onto XIJ([l, 1]) which is
multiplicative on XB((O, In and on XB(fl, (0), so obtaining an answer to
a question raised at the end of [3].

We remark also that in Section 2 we give a strong extension of Theorem 1.6.

2. SIMILARITY RESULTS

In this section we characterize the similarity of two bounded continuous
one-parameter groups in terms of their analytic generators and in terms of
the associated spectral subspaces. We prove also a general implementation
theorem.

We recall that jf (X, ff) is a dual pair of Banach spaces. {V t } a bounded
ff-continuous one-parameter group in BjC(X), and B its analytic generator,
then for any A E C\I\;L the operator ,\ B is injective and its image contains
fZB (see [8], Section 3).

2.1. THEOREM. Let (X, ff) and (Y, 0') be dual pairs of Banach spaces,
{V t ] tE~ a bounded ,'7-continuous one-parameter group in By(X), {V a
bounded (§-eontinuous one-parameter group in B~( n. Band D their analytic
generators, and (JJ a linear operatorFOI1l X into Y. whose graph is closed in the
product of the ,"7-topology with the (tj-topology.
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Then the following statements are equimlent:

(i) foreachxE!2(]JandtEIR,

91

(ii) the closure of the graph of the restriction of 1> to

\ ' E q n (C'/ (\ B),-I " E (C/ fl>" " (/\,~, yr_ .' ..,LiB ~-../(/J'I /\ ,_ cJ'(j) , \¥., t::JD

r\ E /, and 1>(/\ B)'l x CC. (A -- D)-I 1>x for all A
I

0\

in the product of the .'F-topology with the ~fj-topology is the graph of1>;

(iii) for each 0 < Al A2 < T ex;

(fnd the closure of the graph of the restriction of 1> to

in the product of the ,'F-topology with the (fj-topology is the graph of1>.

Proof Suppose that (i) is verified. Then for each x E 9ep and IE U(IR)
we have

and

Using [8], Corollary 5.7. it follows that

<1J(XB([A] , A2 ]) nP,p) C YD([A I , A2 ]), 0 < A] A2 <-i-- w.

Let fE U(IR) such that jE C 2(1R) and supp jc [In A], In A2 ], 0 < A] ~
1\2 - 'X): thenf has an integer extension which is Lebesgue integrable on
each horizontal line. For each x E X and ,y E 1[, we have:

and
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So, for.\ .'J'I' and 0: t' we have

• ,:f

H,(.·F I(t) C . It) f (/ t1J(F I IU) U/.\ tit) Y'1-\ (, -- ,- '(I' • D j

and
i.

U/x tit) ItPH, \.F I I(t) D/1> IF IU) Utx tit I.

Using [8], Lemma 5.5, it follows that the closure of the graph of thc
restriction of rJ> to

u
in the product of the .F-topology with the ~§-topology, is the graph oft1J.

Now it is easy to see that (iii) is verified. Using [8], Corollary 3.3, it is also
easy to verify (ii).

Consequently we have the implications (i) (ii) and (i) (iii). Let LIS

suppose now that (ii) is verified and denote by:

\ ..~ X. X :/'B n f/,j" (i\ H) I x E :);:<1" .\ fEY [) and I
1'\ l- , tP(A H) I .\ (,\ D) 1 (Px for all /\ 0 I'

Let .Y E .0: then for all ,\ 0

(,\ B) I Bx x A(A H)l x E Y q"

rJ>(/\ B) ] Bx t1Jx -- An D) I rJ>x (1\

Using [8], Theorem 4.2. it follows that for each IX E iC. 0 Re\

Consequently, for each t (C IR,

Since the closure of the graph of tP .(1' in the product of the -.7-:--topology
with the ~tJ-topology is the graph of tP, it follows that (i) is verified.

So we proved that (ii) (i).
Let us finally suppose that (iii) is verified.
Let 0 1\ '\ JJ, X F X ([A] . A2]) n(j;'I' and 0 fJ-1 IL2 Ck,

q E i§D*([fJ-l , fJ-2]): then t->- tPUtx is hounded and ~§-continuous while
s >- V is bounded and norm-continuous. In particular, the function

(I, s) .. >- V./PU/.\. 'I

is bounded and continuous.
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Let f c L1(1R) be such that 0 ¢ supp /. Then there exists E 0 such that
[-E, E] (\ supp/-= . If gE LJ(IR), suppgC [-E, E], then, using the
inversion formula for Fourier transforms, it is easy to see that g is equal
almost everywhere with an uniformly continuous bounded function.

For each g c LI(IR), supp,~ C [--E, E], and r E IR

so we have successively

'fj -- J f(s) eit, V, (~fj- r' get) eirt(/>Utx ilt) cis =~ 0,
0-'--"1.

rjh rf eir(l<)g(t)f(s)( V,(/>UtX, cit cis 0,
"' __.rf;- ., _"]'

r:' eirt (fJ get - s) f(s)( Vs(/>Ut_<X, ils) ilt = 0,

Consequently, for each gEU(IR), suppgC[-E,E], the continuous
Lebesgue integrable function

t->- r / g(t -- s) f (s)( VI·(/>Uh·x, cis
•. I

vanishes identically, hence

But if g E U(IR), supp,~ C [-E, E], then each translate gt get + .)
verifies: SUPP,~I C [-E, E]. It follows that for each g E U(IR) with supp
gC[--EJ]andtclR

r Jg(t s)f(s)V,(/>U_sx, cis O.
,,- -I

So, denoting

we have g h 0, that is <~ • It = 0, for each g E LJ(IR), supp <~ C [--E, E].
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Consequently, h vanishes on [-- E, E]. In particular,

that is

Now, if fe V(lR), 0 r;- supp';: then for each translate f; f(t '), we
have 0 tf suppft. Thus for each!e U(IR), 0 'F supp;: and t E iR

Denoting
k(s) = (V~/PU,x, ~>,

Y {fe V(iR):f* k 0] is a closed ideal in the convolution algebra
U(iR) and contains all! e U(iR) such that 0 tf supp j.

Hence hull.r C {OJ and by Shilov's theorem (see [19], 37 C)

iT = ker (huller) C {IE LI(IR):/(O) 0:.
Consequently, the kernel of the functional

LI(ll;i1) 3f~.r . ((I) k(s) dl

contains the kernel of the functional

U(IR) 3fH' J,'f(·· I) ds /(0),

so k is constant. This means that for each IE iR

Since UO<1'1<1'2<t oo (tJD'([fLI , fL2D is Y-dense in 'tJ, we deduce that for each
x E XB([A] , A2]) (l g'b , 0 < Al A2 < ' CfJ, and s E iR

c[>U,x V,c[>x.

Finally, since the closure of the graph of c[> . Uo<:.\".,,< " XB([A] , '\2]) in
the product of the .~-topology with the /lj-topology is the graph of C[>, it
follows that for each x e g'b and Ie iR

So we have proved that (iii) (i), Q.E.D.
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The equivalence of statements (i) and (ii) in Theorem 2. I was suggested to
us by the proof of Tomita's fundamental theorem in the theory of standard
von Neumann algebras sketched in [28].

The equivalence of statements (i) and (iii) in Theorem 2. I was proved in
[3] for the case of everywhere defined (j) and in the presence of assumptions
like [3], Hypothesis J.5(iii). Our proof is strongly inspired from Arveson's
method.

We remark that Theorem 2. I can be used in a treatment of the basic facts
in Tomita's theory of standard von Neumann algebras.

We shall prove now another similarity result which can be considered as
an implementation theorem.

2.2. THEOREM. Let (Xl, §l), ... , (X", §II), (YI, (?II), ... , (ylil, (?lIII) , (Z,,:w")
be dual pairs of Banach spaces, {UtJIEii'I a bounded .Ff-continuous one-pm'am
eter group in B,cFi(XI), Bal its analytical extension in.x E' iC and 8' its analytic
generator, 1 i n, {Vti}IE:l a bounded ,?Ii-continuous one-parameter group
in SI/i( V,), D/ its analytical extension in 'x E' iC and Dj its analytic generator,
I j In and {WILE"' a bounded ./t'-continuous onc-parameter group in
By(Z). E., its analytical extension in, E' iC and E its analytic generator.
Consider a mapping

X" X YLX' .. X y'" ~ Z

such that for each I 11 and xl, ... , Xi--l, xi :l, .." Xli, yI, ... , )0'11,

XI 3 .\"1 c-+ (j)(x\ ... , x", y\ ... , ylll)

is linear and continuous for the .Fi-topology on Xi and the £ -topology on Z,
for each I C::;j c::; m and x1, ... , x", y\ ... , yj._\ yi+\ ... , y"',

yj 3 yi f-+ (j)(x1, ... , X", y\ ... , ylll)

is antilinear and continuous for the '§j-topology on Yj and the £-topology on Z
and the multiadditive mapping (j) is bounded. Then the following statements
are equivalent:

(i) for each x\ ... , X", y1, ... , ym and t EO IFR

(j)(U/x\ ... , U/"x", V/y\ ... , V/,'y "') = W/P(x 1, •.• , x", y\ ... , yin);

(ii) for each ex EO iC and Xl EO ££B 1 , ••• , X" EO f!tJ B " ,yl EO !i: D1 . , ••• , y'" E' /2 Dm .

we have (j)(x\ ... , X", y\ ... , ym) EO f!tJlo',"and' -, -,
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(iii) for each Xl E gBI , ... , X" E 9 IJ " ,yl E g'(DI) I •• ", y'" E !.t(D»» J II'C

haue QJ(x1, ... , xl/, y1, ... , ylll) E £ilE and

QJ(B1x1, ... , BI/x", (DI) 1 y1, ... , (D'/I) 1 y"') EQJ(x1,... , x/l,)'1, .... )'''')

(iv) for each 0 <-. ,V ,'1.2'

-+ C(). I .i m.

[
\1 ... \11 \1",\11])C ZE 1\1 /'1 1\2, /\2

( fJ-'2~~n;, fJ-]] '.--::- fJ-t'1/ , .

Proof. Suppose that (i) is verified. Let 0 <. /\,'
(Xi)B' ([A]'. ,'1.2']), I nand 0 < fJ-l j fJ-2) <. C(). 1"

Then

is an integral extension of it ,-~ W/IJ(x1.... , x", .1'\ .... )'",), so

$(x1..... .y" . .1'1 ..... )'",) C n !.LE, .
,EC

1\2' ex;, x'

(Yj)D
j

([fJ-l j
, fJ-2 j

])·

Using the fact that for each ex E C the §i-closure of

is B," I

B,' I u
o -(\li ,1:!i

11, and the 'I}Lclosure of

D',' I--): I u
is D J

ii , \ j III, it follows (ii).

So we have proved that (i) =:. (ii); the implication (ii) => (iii) is trivial.
Now we suppose that (iii) is verified.
Let be Xi E .<J:(IJi)-1 , I n, and yj E £il Dj , I ~(.i m. We have succes-

sively

and

$(x!, ... , y''') =c <P(BI(Bl)-l xl, ... , (DlH)-l D"'yl1l) o~c £<P((BI)-1 xl, , Dnty'l/),

<P(x!, ... , ym) E fl'E-1 and <P((Bl)-l x!, ... , D"'y"') = E-1<P(X1 , ytil).
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Now it is easy to see that if Xi E n/::-", :P(Bi)k , I 11, and yj E" nl:o~-"
!./ (D,l" ,I j 111, then (/>(x1" .. , yin) E nt: CD 2/1:'1. and

(/>«BI)" x1, ... , (B")" x", (f)l)-k yl, ... , (D"') k y"') pe/l(.yl, .... .I'''). k E Z.

Consequently, if 0 < ,\' A2
i < + 0Ci, Xi E (Xi)8' ([,t[', A/]), I 11,

and 0 < fLl j fL/ < -f 0Ci. yj E ( yj)D; ([fL 1', fL2 j ]), I j 111, then (/>(x1,,. .•

.I'm) E n;:u: ,(Y;jk and

A"I ... A,,'"
fL~l.-:'---';1 ,;, ,

Jim E-kr]J(X1, ... , ym)11 fA
k --":1

that is

lim (j (/> .j(BI)-k Xl I "'(DIII)I'1');/ )I I.
k '

fL2
1 ... IL/'

~~l... \" .

Hence we have proved the implication (iii) (iv).
Finally suppose that (iv) is verified.
Let

i- 00, Xi E (Xi)B'([A 1
i, A2']),

+ 0Ci, yj E ( y;)DJ([fLl j, fL2 j
]),

11,

111, cp E ;'1(.

Then

is bounded and norm continuous. In particular, the function

(I I ' ). <Wflo.(UI . 1 1I".n Vl ,l V'" m) ,1"", n, '\1 , ..... Srn, r ~ r'¥ t I
X ~ ... , Ut n·\., SlY""" SmY ,C[J/

is bounded and continuous.
Let now be f E U(IR:) such that 0 rt supp j; then there exist El , ... , Ell ,

DI , .... D", > 0 such that

[-El - •.• - En - 01 - ... - Om, El + ... + En + 01 + ... + D,,,]

n suppj =

Consider arbitrary functions gi E U(IR:), supp g, C [-Ei , E,j, 1 i 11,

and hj E U(IR:), supp It; C [-OJ, Dj ], 1 j ~ m. Using the inversion formula
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for the Fourier transforms, it is easy to verify that g, and h) are equal almost
everywhere with uniformly continuous bounded functions.

Let PI,"" p" , ClI ,... , CI", E IR be arbitrary: then:

so

j{- r £,'
il

1'1 ... ("'i",S"'gl(tI) ... 17",(.1'",) W(U/,x l
..... V:':"y''') dt I ... ds",

"l;;;II--I- m

It follows succesively

q,,,lJf(r) Wj' (£ -- J ('/ji,I, ... e'Q",S"'gl(tl) .. 17",(sm)
~tl+m

r) ... 17 m (s", r) f(r)

Consequently, the continuous Lebesgue integrable function

(tl , ... , .1'",) I->- r x

gl(tl - r) ... 17 m(srn - r)f(r)
.. _ C/~

vanishes identically. In particular,

r gl(-r)'" h",(--r)f(r)<WrW(U~rx\... , VfJJry"'), rp) dr= O.
"-_..'/.

Since gI can be replaced with any translate gl(tl + '), it follows that for
any t l E IR

f" gl(rl -- r)g2(-r)'" h",(-r)f(r)(WrW(ulrx l
, ... , V'll,Y"'), rp) dr = O.

"-::I:
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we have gl '" k l -= O. that is ,~Jl1 = O. Since gl E: U(IR), supp If] C [ . E] • EIJ

is arbitrary, it follows that 1~1 vanishes on [-E1 • ELl. In particular,

After an inductive reasoning, we obtain that

that is

tlr 0;

Applying Shilov's theorem as in the proof of the Theorem 2.1, we conclude
that the function

is constant. So, for each r E: IR,

:QJ(xl, ... , yfil), fJ!>'

Since 'f E: .Yf is arbitrary, for any r E: IR

(W_ rQJ(U,lxl, , Vr'''y''') = QJ(xl, ... , ym),

QJ( U/xl, , V,."'ym) = W,.QJ(xl, ... , ym).

Finally, using a density argument, it follows (i): so we have proved also
the implication (iv) c..:. (i). Q.E.D.

The following common consequence of Theorems 2.1 and 2.2 is an im
provement of the unicity result from [8], Theorem 4.4, which extends [3J,
Corollary I of Theorem 2.3, in the case of one-parameter groups.

2.3. COROLLARY. Let (X, .#") be a dual pair of Banach spaces, {VlllEo< and
{V11M\ bounded .iF-continuous one-parameter groups in B§(X) and C and D
their analytic generators. Then the following statements arc equimlent:

(i)

(ii)

(iii)

t E: IR;

BC D;

XB([A 1 , A2 ]) C XD([A] , A2 ]). w.
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We remark that Theorem 2.2 is an extension of Theorem 1.6. By
Theorem 2.2. if X is a complex Banach algebra, .F is a Banach space in
duality with X and {VI: is a bounded .?-continuous one-parameter group in
B,'F(X). then VI are multiplicative ifand only iffor each 0 /1 1 ,1e JJ.

a iLl iLe -:- ex). we have

Analogously, if X is a complex Banach space with involution •.~ IS a
Banach space in duality with X and {V l l is a bounded .F-continuous one
parameter group in By-(X) then VI commute with the involution of X if and
only if for any 0 ,II '\ oc

In the next section we shall be interested in {Ut}-invariant .F-continuous
linear projections of X onto XB([ LIn. so we find it opportune to formulate
here also the following common consequence of Theorems 2.1 and 2.2:

2.4. COROLLARY. Let (X, .F) be a dual pair of Banach spaces, {VI: IE 'i a
bounded -F-continuous one-parameter group in By(X), B its analytic generator.
a < ,Ix and P and .F-continuous linear mapping of X into XB([,\, '\n.
Then the(i)II01l'ing statements arc equiralent:

(i)

(ii)

(iii)

PU I NiP. ttC IR:;

for each x r='/'u 11'e hare PBx '\Px:

fi)r each 0 < ,\] '\ < +w such that ,\ rt ['\1 , '\2] we hare

If (Y, cl}) and (Z. £) are dual pairs of Banach spaces, then we denote by
K 1 . yc( Y. Z) the normed space of all linear mappings Y ----+ Z which are
continuous in the C'lJ'-topology on Y and the .9f'-topology on Z.

It is easy to see that B./J _ yc( Y, Z) is a Banach space.

2.5. COROLLARY. Let (X. .F), ( y. ~Ij). (Z. ,n") be dual pairs of Banach
spaces, {V a bounded .F-continuous one-parameter group in By;(X), Bits
analytic generator. {V,llc~ a bounded CI}-continuous one-parameter group in
RrA Y), D its analytic generator, {WILd'" a bounded .9f'-continuous one
parameter group in B.yc(Z) and E its analytic generator.

Consider a bounded linear mapping
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such that for each y E Y and ep E:tf the linear functional x--+ (II(x) y, rp/ is
,F-continuous. Then the following statements are equivalent:

(i) for each x E X and t E IR

7T(VtX) -- Wt 7T(X) V_I;

(ii) for each x E g Band y ErzD"] we have II(x) D-ly E 9 E and

(iii) for each 0 < Al Ao < + IX) and 0 < fLl < fLo < ;-IX)

Proof Define the bounded bilinear mapping

eJ>:X y --+ Z
by

eJ>(x, y) 7T(X) y.

Then, for fixed y, x ,-~ eJ>(x, y) belongs to B,'T,yt'(X, Z) and, for fixed
x, y --+ eJ>(x, y) belongs to B~1"yt'(Y, Z). Applying Theorem 2.2 to {Vt},

{V,:, {WI:, and eJ>, the present equivalences result. Q.E.D.

If H is a Hilbert space and {Uti a weakly continuous one-parameter group
of unitaries on H, then it is well known that {Uti is strongly continuous. We
recall that the analytic generator b of {Uti is selfadjoint and positive and for
each t E R U t ~= bit (see [8], Theorem 6.1).

2.6. COROLLARY. Let X be a complex Banach space with inl'Olution, 'F a
Banach space in duality with X, {VtLEai. a bounded iF-continuous one-para
meter group of iF-continuous automorphisms of the linear space with inl'Olution
X, B its analytic generator, H a Hilbert space, {u ,) lEn< a strongly continuous
one-parameter group of unitaries on Hand b its analytic generator. Consider a
bounded *-preserving linear mapping

7T : X --+ B(H)

which is continuous with the .F-topology on X and the weak operatorial topology
on B(H). Then the following statements are equivalent:

(i) for each x E X and t E IR

7T(VtX) = Ut7T(x) U_t ;

(ii) for each 0 < A, fL < +IX)

7T(XB((O, AD) Hb((O, fL]) C Hb((O, AfL]).
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Prool The implication (i) c; (ii) follows immediately from Corollary 2.5
and Lemma 1.3.

Suppose that (ii) is verified and let be 0 ;\,1), x, xeXli([,\, ~J:.»

and ~ E H"([IJ-, .+ ,YJ ». By Theorem 1.6. x" (= Xli«O, I/A]), so for each ~)

HIi«O, il), ° /. .X;

It follows that for each 1) E H"([AIJ-, x»

thus

Consequently

We conclude that for each °< Al Ao! <. CfJ and °< fl.l IJ-o! <x

l7(Xli([/\ , ;\2]» Hb([IJ-I ,IJ-J)

C (l7(XB«O, A2]» HO«O, IJ-2]» n (l7(XB([A I , (0))) Hb([IJ-I ," CfJ)))

C Hb«O, A2IJ-2]) n Hb([AIIJ-I ,-ifJ» - Hb([AIIJ-I' A2IJ-2])'

Using Corollary 2.5, it is clear that (i) results. Q,E.D.

Let X be a C*~algebra, § a Banach space in duality with X, {VI: an .F
continuous one-parameter group of .F-continuous *-automorphisms of X,
and 17: X --+ B(H) a *-representation of X which is continuous with the
.F-topology on X and the weak operatorial topology on B(H).

Suppose that there exists a family {H),Io.,' "of closed linear subspaces of
H such that

H"C H"

H" n H",

HoIO:,

U'H" H,

It J'.

Denoting by Pv the ortogonaJ projection onto H" and lit II;"" l'i1dp" it
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follows that {UI] is a strongly continuous one-parameter group of unitaries on
II and HIJ((O, fL])'~ HI-' . Applying Corollary 2.6, we find that

This treatment of implementation problems goes back to the works of
Helson and D. Lowdenslager [14], was very clearly formulated and developed
by Forelli [13] for commutative C*-algebras and was developed and very
efficiently applied by Arveson [3J in the general case.

3. ERGODIC PROPERTIES

The main purpose of this section is to establish a connection between the
.iF-convergence of the ergodic means (1/2E) ,r-f E Vlx dt when E---+ -T CfJ and
the behavior of BE when E --+ + W or E ---+- w.

Let (X, .51» be a dual pair of Banach spaces and {VI] a bounded 1-con
tinuous one-parameter group in BF(X). For each x E X and g E U(IR) such
that

f' J g(t) dt = 1,
'"'~-("f

we denote

\ .pc It)
·jjff(X, g) ~= 1-closure of rr - I .... g (-- Vtx dt; E

'-'~-f E "E
0.

Since the mapping

r
·f. I (. t )

(0, T ex;) :3 E f-+ .?F - - g - Vtx dt
"'-f; E \ E

is norm-continuous, if :d1i"",,(x, g) is .r-compact for some 8, then it is §

compact for each 8. Also, if the limit

exists, then .d1f-.,jx, g) are .#'-compact.
We say that {VI: has the weak ergodic property in x E X if for each g as

above, the sets ·d1f",,(x, g) are ,#'-compact; in this case ·?8 f
U (x, g) 4- for

all g.
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By the Alaoglu theorem, if X I" then each bounded .:F-continuous
one-parameter group in B.#,(X) has the weak ergodic property in all x EX.

3.1. THEOREM. Let (X,.F) be a dual pair of Banach spaces, :U I : IC a
bounded .F-continuous one-parameter group in Bf(X), and g E U(IR) such

that g(t) g( - I), t E IR, /2 1 on a neighborhood of0 and supp f; is compact.

If' {VI: IEl' has the weak ergodic property in x E X and .\'0 E :%1 f ['(x, g), then
.\'0 E XB([I, I]) and x .\'0 belongs to the .F-closure of'

U XB«O,,u])
(},'/«/!

U XB([,u, iLl)

I "

If {V t)IER has the lveak ergodic property in x E XB«O, I]) and .\'0 E :%1 f [

(x, g), then Xo E XB([I, I]) and x - Xo belongs to the .?T-c/osure of'

U XB((O, ,u]).
0<w1

If {Vt)tdi has the weak ergodic property in x E XB([l, co)) and X o E%1 J ("

(x, g), then Xo E XB([I, 1]) and x - Xo belongs to the I-closure of

Proof Since supp ,~ is compact, supp ,~C [-- e, e] for some e o. Then
for each E 0

and using [8], Lemma 5.5, it is easy to establish that

.\'- :F- Jiff} g (+) Vlx dt E :F-c1osure of

( U XB«O,,u]) U XB([,u, 00))).
O<l--vl 1 )!'

ft follows that

.J1-,U(.", g) C () XB([C I8 :EI , eB/ED ~c XB([1. 1])
E-H

and

x - :%1 f U(x, g) C .:F-c1osure of ( U XB«O,,uD
Q'<I{/l

U XB([t.l, XJ))).
1 Ii
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11'.\ C XlJ((O, 1D, then for each E °
105

so

.\ - .':idc;cU(x, g) C ,'1""-closure of U X8((0, fL))·
o,'1,<1

Analogously, if x E X8([I, -'- 00)) then

x .':id"u(.Y, g) C ,'1""-c1osure of U X8([fL, -;- ::0)).
] :11<-1 f_'

Q.E.D.

3.2. COROLLARY. Let ,'1"" be a complex Banach space, X ~ §*, {VI ltdl a
bounded .'1""-continuous one-parameter group in By;(x), and °< A< !-J:;.

Then

X == X8([A, A))

§-c1osure of ( U XB((O, fL)) -+ U XB([,u, 00))).
O-<'jl<i\

XB([A, A])- §-c/osure ot U XB((O, ,u]).
I)'-"/L<:''\

Proof The group {A -il VI} has the weak ergodic property in all x E X and
applying Theorem 3.1 to this group, one can easily deduce the equalities
given in the statement. Q.E.D.

We shall make use of the following consequence of Wiener's Tauberian
theorem:

3.3. lE!\lMA.

equiralenf:

(i)

(ii)

Let f E LXJ(IR) and c E C; then the following statements are

,lim (1/2E) rJ(t) dt- c:
• c

(iii) for each g E U(IR) such that g(t) = g( -t), f E IR, we hare
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Prool Suppose that there exists go E Ll(lR:) such that goU) go( I).
IE IR:. II: I gnU) Ii' dl 0for all S E IR: and

. , I I
IJIll I go(--)(f(t) f(-t))dl

"" J. () E E

. , , I
11m I go(·-)f(l)dl

( j., '/ E E

2c ( goll) ill .
."

Applying a well-known form of Wiener's Tauberian theorem (see [12,
Exercise XI 5.10] or [7. Exercise 2 from Section 3]). it follows that for each
g E L1(1R:) such that g(t) g( f), f E IR. we have

. I I (- I ) .IJm -g - jU)ill
f- (,' _ J' E ,E

Now putting

. '\ - I
lim I g(---)(f(t) fl--t))dl

t: I, "n E . E

2c ( "-g(t)dl = cJ 'g(t)dl.
'0

where X[-1.l] is the characteristic function of [--I. I], we have goU)

go( -t), t E IR:, and for each s E IR:

I
-_._-_.-
2( I ., is)

o.

Using these facts, the implication (i) (ii) follows. The converse implica-
tion is trivial.

Finally let
I

goU) == 7T ", f2 .

Then gO(t) go( ~l), t E IR:, and for each s E IR:, applying [8], Corollary 3.5
for the case LI,= multiplication with ('i-n-'1', r E IR:. we obtain:

r 'go(t)tiSdl-= r
~ n •

o.

By the first part of the proof. it follows that (ii)
implication is again trivial.

(iii). The converse
Q.E.D.

We say that {Lit] has the ergodic properly in x E X if the limit

§ - lim (l/2E).#" " LI,x ilt. ,

exists.
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Denote this limit by Boox. Following Lemma 3.3, if (U I ] has the ergodic
property in x, then it has also the weak ergodic property in x and for all
gEL1(1R) such that

g(t) ~= g(~t), t E IR,

I" 'lc get) dt == I,
.., -"L

we have

If {U I : satisfies the ergodic property in all x E X, then

is a bounded linear projection of X onto XB([I, I]) and

We say that {U t } has the global ergodic property if it has the ergodic
property in all x E X and B f • is iF-continuous. If {U I } has the global ergodic
property, then also {UI *} has this property and for each rp E ,?F the limit

X- }i~ (l/2€)X - r U,* rpdt
-c

is equal to the value Boo*rp of the adjoint of B,. in rp.

3.4. THEOREM. Let (X, iF) be a dual pair of Banach spaces and {UILE~ a
bounded ,Y-continuous one-parameter group ill By;(X); then the following
statements are equiralent:

(i) {UI}tE~ has the global ergodic property;

(ii) {Ut}tED< has the ergodic property in all x E X and {Ut*}IED< has the
weak ergodic property in all rp E ,?F;

(iii) there exists an ,Y-continuous linear projection P of X onto XB
([I, ]]) such that

PUt = P, t E IR,

and {UI}IEIR has the weak ergodic property in all x E X;

(iv) there exists an .%-continuous linear projection Q of X onto XB([I, I])
such that

Ker Q= iF-closure or( U XB«O, po)) -+ U XB([po, -;-CXJ)))
'O</J.<l 1<I-L< -+<0

and {U I *hEn:!: has the weak ergodic property in all rp E i¥'.
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Proof Obviously, (i) implies all the other statements. Suppose that (ii) i~

verified and let 'f E % and {XL) be a net in X which converges to 0 in the
Mackey topology associated to the %-topology. Denoting by X[ ...1,JJ the
characteristic function of [ I, I], we put go ~X[ l.1]. Since .!6'y', (p. go) i"
X-compact, its convex hull is relatively X-compact, so

/ 1- I" I \( '7 ..:/ - L I·n (,I. (//
\_E ~' (

uniformly for £ I. It follows that

<Bx.:n, (p. -+ O.

Consequently B, is .:F-continuous and we have proved that (ii) (i).

Now we shall suppose that (iii) is verified.
Let x E X be arbitrary. Suppose that the ergodic means (1/2£) § FE (i,X

dt does not convergence to Px in the .~-topologywhen £ -. 0:< then there
exist 'f E % and f) °such that for any 8 ()

So, for go -= ~xr -1.1] and for any 8 0, the set

for some £ h.

K" - Px, (1'> fJ:

is not empty. Since KG are .cF-compact, there exists

'\0 E () K,; .
b (J

It is easy to verify that for each t E IR', 8 0, and Y E :J6'~",(x, go)

(1/8) sup I' U, x'

It follows that X o E XB([I, ID, hence X o PXo .

On the other hand, for each 8 °and y (" .%'~:",(x, go) we have Py Px.
In particular, PXo Px.

It follows that

and this contradicts the fact that

!(xo - Px, 'I Ii.

Consequently {U,) has the ergodic property in all x E:: X and B, P isf'-
continuous. So we have proved that (iii) (i).
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Finally, suppose that (iv) is verified.
By Corollary 2.4, we have
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It is clear that Q is an X-continuous linear projection of /¥ onto a subspace
OL¥B'([ I, I]) and

Q*U/" Q*, tEe R

But if 'p E .:¥B*([I, I]) and x E X are arbitrary, then

Qx- x (= Ker Q C .:¥-closure of ( U XB«O, fL)) -f U XB([fL, co)))
0< 1).,.1 1· 'p<':--I 0:£

and using Corollary 1.5 we obtain

<x, Q*(P = \Qx -- X, rp,\ = 0.

It follows that Q* is a projection onto ffB*([I, I]).
Applying to {Vt *} the implication (iii) => (i) proved above, we find that

{V t *: has the global ergodic property. Consequently {V t ) has the global
ergodic property too and the proof of (iv) -> (i) is finished. Q.E.D.

In the case X = .:¥* the statements of the above theorem can be improved:

3.5. COROLLARY. Let.:¥ be a complex Banach space, X = .:¥*, and
{VtJIEC'; a bounded .:¥-continuous one-parameter group in B.y;(X). Then the
foIIo11'inr; statements are equivalent:

(i) {Vt ) IE~ has the global ergodic property;

(ii) there exists an Y-continuous linear projection P of X onto XB([I, I])
such that

t E~;

(iii) for each rp E .:¥

no;m-lim (l/2E)X - r' Vt*rp dt
"'-E

exists;

(iv) U .:¥B*«O, fL]) + yB*([I, 1]) + U .:¥B*([fL, + co))
O<I.-L<l

is X-dense in .:¥.

J</.-t<-i-C(;

Proof The equivalence (i) '0' (ii) follows immediately from Theorem 3.4.
It is obvious that (iii) =;. (i) and using Theorem 3.1, one can easily obtain
that (i) H· (iv); thus it remains to prove only the implication (iv) 'c> (iii).
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Suppose that (iv) is true. It is easy to see that

)'/: E §; norm-lim(lj2E)X J' E

C *, it eX'sts l
, / '/"' ( I \

is a norm-closed linear subspace on §, so it is X-closed.
Obviously, .#,"B'([I, I]) C 9.
Let rp E .#,"B'«O, fL]), 0 < fL <: I; using the Cauchy integral theorem we

have for each E. 8 0

(lj2E))(- j'c VI dt
~' _··c

c= (J j2E)X,- rVt"' Be*'p dt
E

so that

(I/2E)Lr -- r(V*,B,
"0

- U/B/rp) ds.

12~X -rVt*(pdt[

fLosuP V1*1,1'P +(I/E)SUp Vt" (p;'ds '/'.
t I'()

Letting 0 i-+ 00, we we obtain for each E > 0

I
I ., I

2E X - L, V/'P dt
_ I

'S .. sup
E I

n * ',', (I I)' IVt' n-. " IJ. 'P! ,

Thus x E!J:.
Analogously, for each I < fL < Cf) we have .#,"B'(~,

sequently g is X-dense in .#'" and hence fY .#'".
Cf)) C g. Con

Q.E.D.

It is easy to formulate for the case .#'" = X* an analogous statement to
Corollary 3.5.

In particular, if X is a reflexive Banach space and {Vt } is a bounded strongly
continuous one-parameter group in B(X), then for each x E X

nO;~l~lim (1/2E) .C Vtx dt

exists. We remark that this fact is also the consequence of a classical result
(see [17, Satz 1.3.1]).

3.6. THEOREM. Let (X, §) be a dual pair of Banach spaces and {Vt}/Ell a
bounded .#'"-continuous one-parameter group in B.'F(X), For each x E XB
(0, I]) and Xu E X the following statements are equivalent:

(i) {Ut1tE~ has the ergodic property in x and Bnx = .Yo ;

(ii) ,#'"-lim,_+oo B,x c.= Xu'
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For each x E XB([I, (0)) and X o E X the following statements are equit'-
alent:

(j) {V,LEIT< has the ergodic property in x and Bxx = Xo :

(jj) §-lim'~_T B,x ~ Xo '

Proof. Following Lemma 1.2, for each x E XB((O, I]) and E 0

1_ • E

B,x= ~7--- I -,-,-.2 Vtx dt.
7T '--Ie C -- t

Using Lemma 3.3, it is easy to conclude that (i) ~> (ii).
The proof of the second equivalence is similar. Q.E.D.

Theorem 3.6 justifies the notation B x for the limit of the ergodic means:
Their limit appears as the "analytical extension of {Vt } in 00." By Theorem 3.6
we can expect that properties of the operators BE are preserved for the restric
tions of B f. to XB((O, 1]) and XB([ I, + (0)).

We shall formulate now a result which tacitly was also supposed true
above:

3.7. COROLLARY. Let (X, -Y) be a dual pair of Banach spaces and {V/}'EF!
a bounded .?F-continllous one-parameter group in By(X) which has the globed
ergodic property. Then:

Ker B,

Prool The inclusion

F-closure of

( U ){B((O. fL]) -, U );'B([fL. jJ))).

F-closure of U ){B((O, fL]).
(k/!L<l

F-closure of U ){B([fL, (0)).

Ker B7 C F -closure of ( U ){B((O. fLD+- U ){B([fL. -~- (0)))
(k~,l<l 1<11< 'l~

is a consequence of Theorem 3.1. To prove the converse inclusion we can
use either Theorem 3.6 or CorolIary 2.4 and Lemma 1.3.

The other equalities can be proved in the same manner. Q.E.D.

For each integer n ;? 1 we denote by Matn(iC) the C*-algebra of all n X n
matrices over the complex field and by In the identity mapping Mat l1(C)->
MatJiC).
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Let X, Y be C*-algebras and <l> : X ~ Y a linear mapping; <l> IS called
complctely positire if for each integer n I, the mapping:

1// : X Mat,,(C) ~ Y Mat//(C)

IS positive. If rr: Y ~...~ B(H) is a faithful *-representation of Y, then q) is
completely positive if and only if for each XI , ... , .\// X and ~1 , .... ~" ( !!,
we have

I (rrfj)(.y,xxJ~, ~,) O.
i,i 1

For facts concerning completely positive mappings we go to [2]. We remark
that the completely positive mappings are an important tool in the theory of
C*-algebras (see, for example, [4, 27]).

Now we shall again consider cases when X has additional structures
compatible with the duality and {U/: preserves these structures.

3.8. THEOREM. Let X be a complex Banach algebra, I a Banach space ill
duality with X, and {U/JrE~ a bounded §'-continuous one-parameter group ()(
:F-continuous automorphism.I' o{ the algebra X which has the global ergodic
property. Then:

(i) for each X t= X and .1'1 , r c c: XB([I, I])

(ii) Bo is multiplicatire on X8((0, I]) and on XB([I. x;)).

If X is a C*-algebra and U/ are *-automorphislJ1.l, then

(iii) By is completely positire.

!l X is a W*-algebra, .'F its predua! and Li l are *-automorphisms, then

(iv) B, is faithful.

Proof The verification of (i) is trivial.
Let x, v E X8((0, I]). By Corollary 3.7

.Y B,Y E XB((O, I]) n Ker B r =Y-closure of U XB((O, fLn.
fk/L<I

Using Theorem 1.6, it is easy to find that

(y - B,x)y E .'F-closure of U XB((O. fL))·
0<11·::1
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Again by Corollary 3.7

and using (i), we have
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In Ihe same way we can prove the multiplicativity of B, on XlI([l, J~ )).

Next suppose that X is a C*-algebra and VI are ",-automorphisms. Let rr
be the direct sum of all cyclic or-representations of X associated to positive
elements of .F. Then rr is faithful and continuous with the .F-topology on )(
and the weak operatorial topology.

For each Xl , ... , X" E X and for each vectors fl , ... , ~" in the representation
space:

I (rrRJ,;'l'x;)~, i 0
i.i 1

,Ii 1:1, (I /2E) r f (rrUI(x,*xil ~i 0 cit
'---( i . .i c · cc l

= lim (I /2E) r
• + f J.-'C

I rrVl'j) gj
i=oJ

cit 0,

so B x is completely positive.
Finally suppose that X is a W*-algebra, I IS its predual, and UI are

*-automorphisms.
It is clear that

,f -= {x E: X; B,,(x*x) 0:

is an I-closed left ideal on X. By [24], Proposition 1.10.1 there exists an
unique projection ('EX such that of Xc. Since f is {U,]-invariant, it
follows that e E XB([I, I)). Obviously c E f, so

C B 2I_c 0,

f {O).

Consequently B, is faithful. Q.E.D.

We remark that statement (ii) of Theorem 3.8 can be extended, by replacing
the product with a mapping like ([J in Theorem 2.2. The following completion
of Corollary 3.5 was suggested to us by [18]; in fact, it is a consequence of the
main result of Kovacs and Szlics.
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3.9. COROLLARY. L.et.r be a WC-algebra and: UI an X,-continuous
olle-paramctcr group ofk-automorphisms of X. Then the j(Jllowing statements
arc equiralellt:

(i) :L,: hasthcglobalcrgodicproperty:

(ii) if x XIJ([I. I]),.Y 0, is such that /(Jr each <p (Xx)/I" ([I, 1]).
<p O. II'(' !zare x. <p O. t!zen x O.

Proof The implication (i) (ii) follows immediately from Theorem
3.8(iv).

Conversely. suppose that (ii) is verified.
Let

X E ( U (\',)B'((O, fL]) (,L)8'([1, I])
n Ii 1

and rr l= (X ,)8"( [I, I)) be arbitrary. By Corollary 1.5 x F X8([1, I]). so we
have succesively

\" * (c X B( [I. I]),

L,.,<p E (X,,)B'([1. I D.

.Y. <I o.

Sinccy*y c XB( [I, I)) and

.\" O. Using Corollary 3.5.
property.

.\*x 0, we conclude that x*x 0, that is
it follows that fUli has the global ergodic

Q.E.D.

In the case of W*-algebras and .,e-automorphisms we can characterize
XII((O. I) by the "vanishing of the negative Fourier coefficients":

3. IO. COROLLARY. L.et X be a W*-algebra and lUI: Ie all X*-col1tinuous
one-parameter group of *-automorphism.I' of X which has the global ergodic
property. 711en

XIJ((O,I)) {xEX;B,(yx) O/(Jr allvEXII((O,fL]), O fL I:

{x E X: 8 1 (xy) O/or all l' c XII((O, fL)). 0 fL < I:.

ProoF Denote

Y {x E X; HAyx) 0 for all Y E XIJ((O, fL)), 0 fL < I}.

Then Y is an X ",-closed {U I }-invariant linear subspace of X which contains
XIJ((O, 1]).
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Let I < II < ~.. 00 and x be an element of the spectral subspace of {VI Y]
corresponding to ['\, -+ (0). Then x E XB([,\, +00», so, by Theorem 1.6,
x' E XB((O, 1/,\]). Since 1/,\ < I and x Eo Y, we have B,(x*xl 0. Using
Theorem 3.8(iv), it follows that x ~.. 0.

Since {VI! Y} has the global ergodic property, by Theorem J.I Y must
coincide with the spectral subspace of {VI Y} corresponding to (0, I].
In particular, Y C XB((O, I]).

In conclusion 9

Y XB((O, I]).

The proof of the second equality is completely similar. Q.E.D.

Using Theorem 1.6(ii), it is easy to deduce similar characterizations for
XB([I,· (0».

I n particular, XB«(O, I]) and XIJ([l, (0) are maximal elements of the
family of all subalgebras of X on which B, is multiplicative.

Let ,-Y' be a W*-algebra and {VI: an ){,-continuous one-parameter group
of i-autom orphisms of X which has the global ergodic property. Denote
A XB(I, I]); then A* ~.~ XB([l, -j-oo» and A (I A* XB([I, 1]). By
Theorem 3.8(iv), B f is a faithful normal positive linear projection of X onto
II (I A *, by Theorem 3.8(ii), B I is multiplicative on A and by Theorem 3.1,
A A * is X ;-dense in X. Since I E A (I A *, A is a subdiagonal subalgebra
of X with respect to B I in the sense of [I], Definition 2.1.1. Moreover, by
Corollary 3.10, A is a maximal subdiagonal subalgebra in the sense of [I],
Definition 2.2.2. So the results of [I] are available.

In particular, let X be a finite W*-algebra and {VI i an X ,-continuous one
parameter group of t-automorphisms of X such that for each nonzero
positive x E X there exists an {VI}-invariant normal finite trace tT) with
x, =/ 0. By Corollary 3.9, {VI] has the global ergodic property. So.

using [1], Theorem 4.2.1, for each inversible element x E X there exist

U E X unitary
and

such that

a E XB(O, I]) inversible with a-I E XB((O, I])

x = ua.

if x l'b is another similar decomposition of x, then there exists a unitary
\I c XB([I, I]) such that l' = uw and b =-- w*a.

It would be interesting to decide if in the above situation the Jensen's
inequality formulated in [I], Section 4.4, holds.

Finally let X be a W*-algebra, p a faithful semifinite normal weight on Xc
and al" the associated modular t-automorphisms of X (see [9] or [26]). Then
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by [9], Theorem 3.4 and Corollary 3.5 the following statements are equiv
alent:

(i)iat: has the global ergodic property;

(ii) the restriction of p to {x X ; atn(x) X for all t} is semifinite:

(iii) there exists a family {'hi of normal positive linear functionals on
X whose supports are mutually orthogonal such that

pIx) L (PL(Y).
L

xc- X,

In particular, if p is a faithful normal positive linear form, then {a,oJ has
the global ergodic property. We can ask also in this case for factorization
results as in [I]. Theorem 4.2.1.

4. ABSOLUTELY CONTINUOUS ELEMENTS

Denote Sl {( c= 1::: S I} and define the strongly continuous one-
parameter group {U I : of *-automorphisms of the C*-algebra C(Sl) by

Considering on S1 the normalized Lebesgue measure, C(S1) can be
imbedded in a natural way in the W"-algebra Loo(S1) and {U I } can be extended
to an Ll(Sl)-continuous one-parameter group of *-automorphisms of
U-(SI).ln this section we shall try to extend this type of imbedding to general
one-parameter groups and to describe it more precisely in the case of C*
algebras and *-automorphisms.

Let (X, .Y) be a dual pair of Banach spaces and {U;} a bounded .Y-con
tinuous one-parameter group in B'!'(.n. We say that (I J is absolutely
continuous relatire to {U,"} if t c-)- U, is norm-continuous.

The set j-;-B* of all absolutely continuous elements of .'F relative tol U,"} is
an {Ut<:-invariant norm-closed linear subspace of .F. For each
o 1\ ,\" ,X) the spectral subspace of {U ,* :pC-Ii': associated to
[/\1 • 1\] is .j<c-B*( [/\ ' I\~D, so

norm-closure of u

Using [8], Lemma 5.5, it is easy to see that the closed unit ball of -F is
included in the X-closure of the closed ball with radius 8/7T of .CY;B'.

For each x E X, (I' ,-)- (x, (I') is a linear bounded functional 7TB(X) on ."FB'.
SO we have defined a linear mapping 7T II : x-+ (."FB')*.
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It is easy to verify that
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(7T/S)" X x , XEX,

consequently TT B is an injective contraction and has norm-closed image.
Obviously, TT BX is .;FB*-dense in (.'iFB*)*.
Moreover, {(Vt * : .'iFB*)*} is a bounded .'iFB*-continuous one-parameter

group in B'FB*«.'iFB*)*) and

t E IR.

So, {Vt} is "imbedded" via TT B in {(V/* ! .'iFB*)"'). To describe this "imbed
ding" it suffices to locate .FB * in .F.

We remark that if XC~ .F* then .'iFB* = .'iF, (.'iF B*)* X and the above
"imbedding" is the identity.

Now let X be a C*-algebra, .-F a Banach space in duality with X, and {VI:
an j"'--continuous one-parameter group of .%"-continuous *-automorphisms
of X. If (I' E X*, 'P 0, then we denote by 7T'C: X -~ B(Jf'C) the associated
cyclic *-representation and by /;' the canonically associated cyclic vector. So

(x, <p. ~~ (7T"(X) /;'1 /;"), xc: X.

If rp c: .%", 'P 0, then 7T" is continuous with the .'iF-topology on X and the
B(H'C),-topology on B(HG). We say that 'P E .'iF, q 0, is quasi-invariant
re/atire to {VI *} if there exists a strongly continuous one-parameter group
{u/,) of unitaries on H' such that

.Y", X.

It is easy to see that if 'P E jWB*([I, I D, 'P > 0, then 'P is quasi-invariant
relative to {V t*}: {ut'C} can be defined by the equality

On the other hand, if 'P E.%", 'P 0, is quasi-invariant relative to {V t *},
then for each x, Y E x** the element L,Ry'P of .%" is absolutely continuous
relative to {Vt *}, that is it belongs to .%"B*.

The following extension of a classical theorem of F. and M. Riesz (see
[16, p. 47D is due, under a norm-continuity hypothesis, to Arveson ([3],
Theorem 5.3). Our proof is essentially the same as Arveson's proof.

4.1. THEOREM. Let X be a C*-algebra, .%" a Banach space in duality with
X, {VI}IE'" an .;F-continuous one-parameter group of .F-continuous *-auto-
morphisms of X, and 'P E Ull<A<~n .;FB*«O, AD U Ull<,'. .FB*([A, I- co)).

Then: 'P I is quasi-invariant re/ative to {V, *1tE~ .
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Prool Suppose that 7' E j7JJ'«0, AD, 0 A <, x, and denote by
7T 7T'I ,If H', g ~~. gi'; i. Let r E7T(X)" be the partial isometry obtained
via the polar decomposition of 'p:

/x, X EX.

For each 0 Ii

Then

(X) we define a closed linear subspace H" of H by

HI' n 7T(1;B(0, JJ)))(

lI" C fI,. ,

H" n fI,"

fL J',

By Theorem 1.6(ii), for each 0 <... fL (X)

Since Uo p I 7T(XB«O, re))) is B(H) ,-dense in 7T(X)", it follows that

By Theorem 1.6(jj) and Corollary 1.5, for each 0 < fL

«0, reD, we have

1/,\ and x r~ XB

(rt 7T(X) 0 (1T(X*) rt g) x*, q O.

It follows that L"t is orthogonal to H o . Since 7T(X)" invariates flo' also
7T(X)" rt ~ 1T(X)" l'*rt = 7T(X)"g is orthogonal to Ho .

But as 1T(X)"g = H, we have

Ho {OJ.

Now, the B(H)*-density of UO ..:MIY 7T(XB«O, fL))) in 1T(X)" and the
cyclicity of gimply that

U H" ff.

Finally, by Theorem 1.6(ii), for each 0 p, Ii <: IX

Consequently, if Pv is the orthogonal projection onto Hv and III Jt; 7 1/"

dpv, then jUt] is a strongly continuous one-parameter group of unitaries on H
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whose spectral subspace corresponding to (0, fL], °< fL < -1- 00, IS HI"
Applying Corollary 2.6, we deduce that

XEX,

so we have proved that! g , is quasi-invariant.
Similarly one can prove that if go E §B'([A, 00)),0 <: A <:

is quasi-invariant.
JJ, then qJ

Q.E.D.

An interesting consequence of Theorem 4.1 and Lemma 1.3 is the
following: If X is a C*-algebra § is in duality with X and Ut are .'J:--con
tinuous i'-automorphisms, then for each 0 < ,\ <:. 00

norm-closure of U §B*([fL, A]),
o·

norm-closure of U §B'( [A, fL]).

By Theorem 4.1 we have the following description of §B*:

4.2. COROLLARY. Let X be a C*-algebra, .F a Banach space in duality
with X, and {UtitEIi an .'F-continuous one-parameter group of j-c-continuolls
x-automorphisms of X. Then .Fli* is the norm-closed translation-inl'Griant
/inear hull of the set o/a/l rp E .F, cp 0, (P quasi-invariant relatire to {U

Since .Y;li* is a norm-closed subspace of X* and is invariant under trans
lations with elements of X**, using [24], Proposition l.lO.5, it follows that
there exists a uniquely determined central projection pB of x* * such that

./o-li' L j,B)(",

(§li')'" = pBX**,

X E X.

In particular, (3"8')* is a W*-algcbra and TT
B is a *-homomorphism.

We remark that if {(U,* I .Fli*)*} has the global ergodic property, then,
using Theorem 3.8(iv), it results that .FR' is the norm-closed translation-
invariant linear hull of the set of all cp E .FB*([I, I]), cp O.

For each rp E ,'F we define its absolutely continuous part relative to {U t *] by

We caH cp -- cpR* the singular part of cp relatire to {Ut *).
We shaH now give an extension of [16,46, Corollary I], generalizing in this

way half of the classical Szego-Kolmogorov-Krein theorem (see [16, p. 49]).
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4.3 THEOREM. Let X be a C*-algebra. § a Banach space in duality with
X, {Ut}tcTI{ an ,Y;-continuous one-parameter group of iF-continuous *-auto-
morphisms of X, x E XB«O, IJ), 0 <:: ,\ I and 'P E J, 'p O. Then

inf i(x - y)*(x -- y),
?/EX 8 «(uIJ

inf «x- y)*(x -- y), qB'
?/EX 8 «O.AJ)

Prool Denote by 7T 7T", H Hoi, ~ ~'j. Then 7T can be extended to
a *-representation X** -> 8(H) which is continuous with the weak toplo
logies defined by the preduals. We shall denote this extention by 7T also.

Let YJ be the orthogonal projection of 7T(X) ~ on 7T( XB«O, A])) f and
~c 7T(X) f - YJ. Then

inf «x - y)*(x .r), ,
?/EX8 ((O,oll)

Let {Yn1 be a sequence in Xll((O, A]) such that 7T(Yn) f -. rl-

Since the positive linear functional 'p( defined on X by 'F(z)~c (7T(Z)' 0
is the limit in the norm topology of the functionals f~(y 01)' Rr_'I/p E .y;, it
follows that 'p( E §.

Let y E XB«O, A]) be arbitrary; by Theorem 1.6(ii), yx= XB«O, AJ) so

On the other hand, again by Theorem 1.6(ii), for each n we have YYn E XB
«0, A]), consequently

It follows that

'p(Cr) = (7T(Y) ~ I 0 = (1T(YX) f 0 - (7T(Y) YJ ~) ~= O.

We conclude that 'Pc E XB«O, A])~. By Corollary 1.5, qJ( E JB'([A,i- 00».
Since 'Pc is positive, by Theorem 1.6(ii), we have q)( 'Pc* 0,)7B'«0, I/A])
and consequently

so

In particular,
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Since
i!(I - 7T( pB) (1: 2 = (i 2 -17T(pB) (2 = 0,

(I - 7T( pB») ( ~~ 0,

for each y E XB«O, A)) we have

(7T(pBY)~i7T(pB)O (7T(Y)~ O~=O.

121

It follows that 7T( pB) Yj is the orthogonal projection of 7T( pB;>;) ~ on

7T( pHXH«O, A])) ~, consequently

r: 2
':JI·

Q.E.D.

In particular, if f[J E §, rp 0, and rpB' 0, then for each °< A < 00

We remark that if rp EO .:FB '( [I, I)), rp 0, then for each 0 ;\ < fJ- < L 00

7T'I(XB«O, A])) ~<r is orthogonal to 7T"(XB([fJ-, -1-00») ~'I.

Now let X be a von Neumann algebra, that is a *-subalgebra of some B(H)
such that X" ~ X. Consider an X *-continuous one-parameter group {VI} of
x-automorphisms of X and suppose that {VI} has the global ergodic property.
It is easy to see that for each cp EO X" , (1' 0,

s(rp) s(B,*rp).

Thus there exists a positive selfadjoint linear operator A In H, affiliated
to X, such that

seA) s(B,*f[J),

f[J = L 4 RABD *rp)

in an appropriate sense, and if the projection s(Bx *rp) is finite, then A is
uniquely determined by the above relations (see, for example, [25], Theorem
10.10). A possible extension of the second half of the Szego-Kolmogorov
Krein theorem, that is of the Szego theorem, would be related with the
following problem: Find a formula for

inf <ex - y)*(x- y),
j/EXB«O,,\])

in terms of x EO XB«O, I)), AEO (0, I), Boo*'P, and A. For a plausible formulation
of an extended Szego theorem in the case when B x *f[J is a trace and for various
comments we send you to [I].

Finally, let X be a C*-algebra, 5 a Banach space in duality with X, and
{VI: an .'F-continuous one-parameter group of .:F-continuous *-auto-
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morphisll1s of X. Consider a positive element q of j- which is quasi-invariant
relative to {UI") and let rut"~: be a strongly continuous one-parameter group
of unitaries on H" such that

Then, for each t E 1R1,

so, by [24], Corollary 2.7.10, the orthogonal projection on 7T"(,\') u_/~" IS

equivalent in 7T
V (X r to the orthogonal projection on 7T"(X)'~', In other

words, for each t l" 1R1, the supports of UI q and 'I' in X,"X are equivalent. \\ie
also remark that if X is commutative, then this fact characterizes the quasi
invariantness of (F (see [13], Theorem 2).

Let be X C(51
), :F X* the space M(51) of all finite regular Borel

measures on 51 and

If f-L E /1/1(5 1), f-L 0, is quasi-invariant relative to {U/x; then for each t

the measures U1"f-L and f-L are equivalent in the sense of absolute continuity:
conseqeuntly f-L is either °or equivalent to the Lebesgue measure (see [6].
Section 1. Proposition II). It follows that III' can be identified with Ll(51).

On the other hand, XB((O, I]) {f E C(51): l has a regular extension on

, i I} is the norm-closed linear hull of all' > '''. 11 0, so the norm-
closure of UO<,\'l XB«(O, ;\]) is the norm-closed linear hull of all ~ ,-> ~'.

11 I. But by Corollary 1.5.

;ft C M(SI); I ,,, df-LW = 0 for alln
• ,\1

and so, now using Theorem 4. I, the F. and M. Riesz theorem results.
Similar considerations can be made in the case X Co(IR),.'F A1(IR) and

(Utf)(s) t(s, f).

5. h;VARIANT SliBSPACES

Let X be a function defined on 51 by X( 0 -,C ~' A closed linear subspace K
of L2(51 ) is called invariant if XKC K. By a theorem of N. Wiener (see [14.
Theorem 2]), if K is doubly invariant. that is if XK K. then for some Borel
set E C 51

K {fE U(SI)Jvanishes Oil f:j
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and by a theorem of A. Beurling, H. Helson, and D. Lowdenslager (see [14.
Theorem 3]), if K is simply invariant, that is if XK C K, XK K, then for
some q E U(Sl), q I.

1n this section we try to extend these facts to the case when XC B( H) is a
von Neumann algebra, {LIt} an X *-continuous one-parameter group of'
automorphisms of X, and K CHis invariant under the action of elements of
XB«O, I]).

Let H be a Hilbert space, S C B(H), and K C H; then let us denote by
[SK] the closed linear hull of SK.

Let XC B(H) be a von Neumann algebra and {LIt} an X ",-continuous one
parameter group of *-automorphisms of X.A closed linear subspace K of H
is called inmriant relatizoc to {LIt] if

n [XB«O. A])K] ~~. K.

We say that an invariant subspace K is doubly inmriant relatirc to {Lit} if

n [XB«O, IIj)K] == K
0<,\

and we say that it is simply inmriant rclatire to {LIt} if

n [XB«O, A])K] == {OJ.
o ,',/ I J_

Let K be an invariant subspace relative to rUt}: for 0 A
denote by

--'- 00, we shall

K,\ n [XB«O, fL])K] if A < 00.

Obviously.

Kef' = U [XB«O, fL])K].

KA C K" ' A ".;; fL,

K\ == n K".
;\</i.
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Using Theorem 1.6(ii) and the X ",-density of U,. X/I(((l, tt]) in X, we obtain:

Denoting by p/ the orthogonal projection on A,I' it follows that PII~

PfKr::X'.
We call p, K the support of K.
The following decomposition theorem of Wold type (compare with [22],

Chap. I, Theorem 3.2) reduces the description of the invariant subspaces to
the description of the doubly invariant and simply invariant subspaces.

5.1. THEOREM. Let X B( H) be a [,Oil Neumann algebra. {C/: 'e (Ill X.
continuous one-parameter group of *-auto/11orphisrns of X, and I<.' WI illmriallt
subspace re/atice to {V . Then there exists a unique projectioll e' X' such
that e' H C K. e' J-I is doubly inmriant re/atice to {Li l : Ie and (I e') I<.' i\

simp/v incariant relatice to {VI: Ie .

Moreocer. e' P,/' and the support of ( I e') I<.' is p., ~. p/.

Proof Obviously, p,/'H K II C A.
Since X 1<.'11 C K II • K II is invariant and since we have

Ao = p"K n [XB((O, A])A]
O· 11,

C n [XB((O, A]) PI/A]
0<,\<:+(/:

n [XB((O, A]) 1<.'0L
". ,I·

it follows that KII is doubly invariant.
Analogously, since we have

n [XB((O, A])(I - PIIK)A]
I<A

C((I-PIIK)H)n n [XB((O,A])I<.']
1<'.\·

=~ (( I -- p,/)H) n A
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it follows that (I - PI/') K is invariant and finally, since

e (( 1 - p,nH) n n [XB((O, '\])K]
(I ,~
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it results that (1 - Pin K is simply invariant.
It is easy to verify that the support of (l PoK) K (p/ K Po}..) K is

P,}.. p'/'.
Now let c' tC X' be a projection such that c' He K, c' H is doubly invariant

and (I - e') K is simply invariant. As we have

( I - e') PoKH ( I 1") n [XB((O, ,\])K]
0, .,.

e n [XB((O, ,\])( I -- e')K] = :0:,
o· ,\<_:'l..

it holds:
(I -- e') Pit = 0,

On the other hand, since

(1- PI/) e' H (I - PoK ) n [XB((O, ,\]) e' H]
o .A<:,'l.

e n [XB((O, '\])(1 - PoK)K] C~ {O},
0<"< i-ce,

we have also

Q.E.D.

A trivial invariant space is H and for each ° ,\ :s; 00 we have X' HA C H,) ;
so PAN E X. In particular, PoN is a central projection in X.

Obviously, PAN = I for'\ I.
We still remark that by Theorem 5.1, Ho is doubly invariant; moreover,

each doubly invariant subspace is included in H o .

The following result is an extension of Wiener's theorem:

5.2. THEOREM. Let xe B(H) be a von Neumann algebra and {Vt}/EC" an
X ",-continuous one-parameter group of *-automorphisms of X. If K is a doubly
i111'ariant subspace relati!'c to {VI} IE ~ then for cach °< ,\ < + 00

[XB((O, ,\]) K] = K,



126 LASZL{) ZSID()

Conrcrscly, it' c' E X' is a projection such that e' POll, thell e' H is doubly
illl"ariant relative to {VI

Pro()[ Let K be doubly invariant and ° ,\
have:

J~; then K Ko , so we

Conversely, let c' c .Y' be a projection such that e' Pol!. Since 1I0 is
doubly invariant, for each ° ,\::G. we have

and this implies

[,fB((O, ,\D e' H] C c' H = e' H o e'[XIJ((O, /\]) H o] C [XB((O, 1\]) e' H].

It follows that e' H is doubly invariant. Q.E.D.

Let c' E X' be a projection. We say that a family {u,ilc;; C B(H) is an
implementing group with support c' fori Vi: if:

u, li Ie'

{UI e' H] is a strongly continuous group of unitaries on e' H.

X E X, t c R

We shall prove now a partial extension of the l3eurling-Helson
Lowdenslager theorem, establishing a connection between simply invariant
subspaces and implementing groups. The idea of this extension comes from
an examination of proofs from [3].

5.3. THEOREM. Let XC B(H) be {/ 1'On Neumann algebra alld: L,: all
X *-continuous one-parameter group at' ,-automorphisms ot' X.

For each simply invariant supspace K relative to {VILe"., there exists an
implementing group {U/LEM with support p, K for {VILEII< such that for each
0< '\'-CD the spectral subspace ot' {u l ! p,KIf}'ER corresponding to
(0,'\] is K,\ . Conrersely, it'{rIJIEIf! is an implementing group with support e' f()r
{VILEI' and ° '\0 < -+- CD then the spectral subspace L ot' {I', I 1" If
corresponding to (0, '\0] is a simply il1mriant subspace relative to {VILE~'

for each °< ,\ + CD LA is included in the spectral subspace of {I'll" H: lEe

corresponding to (0, ,\oA], Pf L c' and 1', P'lL p, L r I , t E R

Proof. Let K be a simply invariant subspace. Consider the *-representa
tion 7T : X-c> B( P7K If) defined by

7T(X) X pfKIf.
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Denote q" =c P'/' , p,,/,H and 11'1 J~ fLit dq" . Then the spectral subspace
of{\1' t ] corresponding to (0, A], 0 < ,\ < -[- 00, is K,\ . Applying Corollary 2.6,
it follows that

X E X, t E IR1.

Putting

t E PIKH ,

t E (I ~ PrK ) H,

{UI) is an implementing group with supportp'lol: for {Uti.
Conversely, let {VI} be an arbitrary implementing group for {U,}, e' its

support, 0 < Ao < 00 and L the spectral subspace of {fl e'H:
corresponding to (0, Ao]. Applying again Corollary 2,6, it follows that, for
each 0 <.: fL <+- 00, [XB((O, fLl) L] is included in the spectral subspace of
{r l e' H: corresponding to (0, AofL]. It is easy to see now that L is simply
invariant and that, for each 0 < A 00, L" is included in the spectral
subspace of {r l ie'Hj corresponding to (0, l\oA], In particular, p,t. e'. For
each t E rr:g and 0 < A < -+ 00

so

It follows that

and consequently

Q.E.D.

5.4. COROLLARY. Let XC B(H) be (I 1"011 Neumanll algebra, rG1 Oil

)( -continuous one-parameter group ofi -automorphism.I' of x, and K an
ill l'ariant subspace relatire to {U . Il PI I: ~ Pol: E X, then it belongs
simultaneously to the center ofX and to XB([I, I]).

Proof Suppose that p,K p(t c X. Since p, I: Pol: belongs to X', it is
in the center of X. On the other hand, by Theorem 5.1, (I -- Pol:) K is simply
invariant and its support is PuP: Pol:. Applying Theorem 5.3 there exists an
implementing group {UI] with support P, I: - PilI: for {iF;. In particular. for
each t c=
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It follows that
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that is

K
Po ' t E IR,

Q.E.D.

In particular, I POll p,H POll XIJ([I, I]), so POll XR([I, I]).
We say that an implementing group {UI: with support c' for {V,) is minimal,

if, denoting by K the spectral subspace of {ut i c' H) corresponding to (0, I],
the spectral subspace of {u, c' H} corresponding to any (0, A] is K,\. By
Theorem 5.3 there exists a correspondence between simply invariant sub
spaces with support c' and minimal implementing groups with support c'.

5.5. COROLLARY. Lct X' C B(H) bc a mn Neumann algebra, {Li,: WI

X x-continuous onc-parameter group o/,-automorphism,\' of x,: 1", an
implemcnting group with support c' for {V,JIE[.I., and PA the orthogonal projec-
tion 4 1I on the spectral subspace of {I,'1 I 1" H: corresponding to (0.1\],

o ,\7J. Thcn for any sequcnce 0 1\1 I\~ .... AIII--~ x, there
exists a sequence C I '. C'!.', ... f--- .,v', c,/eti,' O.foj' all n ill, ~~~~~1 en' ('.

1",1',,' c,,'l"jor all nand t, such that thc range of the projection L,~l V\/n' 1.\

a simp/r inwriant subspacc Ivith support (" relatiL:e to {Lit

ProoF By Theorem 5.3. for any 0 ,\ x:

PAll is simply invariant,

o 11-

and, denoting by fl' the support of p,IH,

Denote by

then we have

e1 f~, ,

C-n f~" f'. i'n !
1/ 2 ;

\~ ,
!_ ell

1/ I

0,

c',

1/ III,

lor all nand t.
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Denote by K .~ (2:::-1 PA en') H. If
- n

]/jJ.< J.
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then, for any n I, we have:

erl'~ E n [XB«O, fLj) PAf,,' H) C n p",\"H PA"H,
1·: ./4<..'}:_ .t

and therefore

~ = L etl'~ == L PA"en'~ E K.
H=-...o] n,e 1

Hence K is invariant. A similar argument shows that it is simply invariant.
Obviously, p,x/ < 1"; on the other hand, it is easy to verify that II' -- PI K is
orthogonal successively to P,I, J1" p,\, J2' ,... , so it is orthogonal to 1".

Consequently, PxK = 1". Q.E.D.

By Corollary 5.5, if there exists an implementing group with support ("
then there exists a simply invariant subspace with support (" and so, using
Theorem 5.3, there exists a minimal implementing group with support (".
Consequently, we have a procedure to improve implementing groups. The
idea of this procedure comes from [3], Section 3.

The proofs of the following consequences of Theorem 5.3 are essestially
reformulations of the proofs given in [3].

5.5 COROLLARY. Let XC B(H) be a ron Neumann algebra and {U I : tc~ an
X ",-continuous one-parameter group of *-automorphisms of X. Then the
following statements are equimlent:

(i) {UILEU'£ is uniformly continuous;

(ii) i B < +00;

(iii) there exists b EX, 0 < I/i B .::c,:: b ::;: I, such that

X E X, t E IR.

Proof The implication (iii) (i) is obvious and (i) (ii) follows from
[15], Theorem 9.4.2.

Let us suppose now that (ii) is verified; then XB«O, B m= X, so. using
Theorem 1.6(ii), XB([I B II , (0» == X. It follows that for 0 < ;\ < I B
we have XB«O, ,\]) = {O}. Consequently H is simply invariant and

p,\H E X,

p,H = 0,

p/i = I,

o < ;\ 00,

0<;\ < 1/1 B ,

I <;\ 00.

Using Theorem 5.3, (iii) follows with b = J~x ;\ dp/i . Q.E.D.
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Corollary 5.6 implies the well-known theorem of R.Y. Kadison and
S. Sakai asserting that each derivation of a von Neumann algebra is inner
(see [3], Section 4), but also the converse implication is true (see [24], proof
of Corollary 4.1.14). We still remark that Corollary 5.6 and the above
statement about derivations remain valid also for A W*-algebras (see [23]).

5.7. COROLLARY. Let XC B(II) be a ron Neumann algebra and {U I all
X*-confinuous one-parameter group o{t-automorphisn1.\· o{ X.

Theil the following statements arc equimlent:

(i) there exists dE B( II), d () and injectire, such that

X EX, t c [R;;

(ii) H is simply inmrianf relatire to {UtJIE", :

(iii) there exists b E X, () b I, h injectil'e, such that

X fcC X, t E' Ii{.

Proof If (i) is verified, then by Theorem 5.3, H
invariant.

Suppose now that (ii) is verified. Since

Hd«O, do) is simply

()

,\

00,

and using again Theorem 5.3, (iii) results with b
Finally the implication (iii) (i) is triviaL

J,I;\d /I
o I P.I·

Q.E,D,

The equivalence of (i) and (ii) in this corollary is a particular case of a
theorem of Borchers [5].

It is easy to see that if X C B(H) is a von Neumann algebra and {U I : is an
X,t-continuous one-parameter group of *-automorphisms of X, then there
exists a greatest projection p which belongs both to the center of X and to
XB([I, 1]) such that for some hEX, () b p, s(b) p. we have

x eX, t E [R;.

Using Corollary 5.7, it follows that p I-~ POll. In particular, the
projection POll does not depend on the spatial representation of X.

Now let X be a maximal commutative *-subalgebra of B(H), that is X X',
and suppose that X / XB([I, I]) iC. Consider an invariant subspace K. By
Corollary 5,4 PJI' - POA is either 0 or I, so K is either doubly invariant or
simply invariant and with support I.

In the same situation, PoH is either () or I. If poll would be 0, then bv
Corollary 5.7, we should have XB([I, I]) X. Consequently PoJ[ 1.
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Using Theorem 5.2, it results that the doubly invariant subspaces are
exactly eH, e E X projection.

Consider now the cases:

X = the von Neumann algebra of all multiplication operators
with elements of ['X'(Sl) on L2(Sl),

(Utf)(O = fee-itO,

and

x ~= the von Neumann algebra of all multiplication operators
with elements of Loo(lR) on L2(1R),

(Utf)(s) =f(t - s).

Using the Stone-von Neumann-Mackey theorem (see [20,21]) for the
pairs of dual locally compact abelian groups (S\ 1'), respectively, (rr;~, IR) as
indicated in [14, Lecture V], it is easy to derive from Theorem 5.3 the
Beur1ing-He1son-Lowdens1ager theorem respectively the Lax-He1son
Lowdens1ager theorem (see [14], Theorem 7).

We shall give now a maxima1ity property of the spectral subspace XB((O, A]):

5.8. THEOREM. Let XC B(H) be a con Neumann algebra, {UtitEO! an
X x-continuous one-parameter group of *-automorphisms of X, K a simply
inwriant subspace with support 1 relative to {Utl tEx and°< A < +ro.

Then

XB((O, A]) = {xEX;xK"CK,\"forallO <fL < +JJ1.

Proof By Theorem 5.3 there exists a strongly continuous one-parameter
group {uti of unitaries on H such that, denoting its analytic generator by b,
we have:

Denote by

Hb((O, fL])= K" ,

X E X, t E IR,

°<fL < +ro.

y = {x E X; xK" C KAI' for all °< fL < +ro}.

Then Y is an X*-closed linear subspace of X which contains XB((O, A]).
If x E X, then for any t E IR

°< fL < + ro,

so
utCx) E Y.
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Let A < [0 <,X; and x be an element of the spectral subspace of {V t y:
corresponding to [v, co). Then x t= XB([Jl, x;)), so, by Theorem] .6,
x* t= XB((O, 1/1']). It follows that

°< f-L < oc,
consequently

OC.

Let n I; for each polynomial P without free term, we have:

° 7..

Since the support of (XXx)" can be approximated in the strong operatorial
topology by operators of the form P((x*x)"), with P as above, it follows that

s(x*x) K"

Consequently,

0· fL CfJ.

s(x*x) K" C () KIA/"I""
11,,--1

{o:, 0· fL OC .

Since UO<w ,K" is dense in H, it follows that s(x*x) = 0, that is x 0.
Using Corollary 3.2, we deduce that Y coincides with the spectral subspace

of {Vt I Y} corresponding to (0, A]. In particular, Y C XB((O, A]) and in
conclusion, Y=c XB((O, A]). Q.E.D.

It is clear that if X is commutative, then

in particular,

)(B((O, I]) = {XE X; xKC K).

Theorem 5.8 can be used to prove the following extension of some classical
maximality results:

5.9. COROLLARY. Let X be a commutati/'(! C*-algebra, .Y a Banach space
in duality Il'ith X, and {VtltEIJ< an .'7-continuous one-parameter group of .Y
continuous,-automorphisms of X. Suppose that the spectral subspace oj'
{( VI * :§B')*l/ET< corre,lponding to [I, I] consists from the scalar multiples oj'
the unity and is not equal to (.'7B')*. Then XB((O, 1]) and XB([ I, 1 co» arc
maximal elements oj'thefamily ofall.'F-c1osed subalgebras oj' X )1'hich are not
equaltoX.
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Proof For convenience, we denote by Y == (ffB')*, Vi = (U/ i ,FB')*,
and D = the analytic generator of {Vi}' Using Corollary 1.5, it is easy to see
that the Y*-closure of UO<A<l TT

BXB«O, A)) contains UO<A<l yD«O, A)).
By Theorem 1.6(jj), XB«O, 1]) = X <c> XB([l, +00)) = X .~> XB([l, 1])=

X" YD([l, I]) = Y. So XB«O, I D=/= X.
Now let M be an .F-closed subalgebra of X, M -.J XB«O, 1D, M =/= XB

«0, I]), M =/= X, and let us find a contradiction.
Denote by N '" Cr-- Y*-closure of 7T

H M; then N is a Y *-closed sub
algebra of Y and by Corollary 3.2

N:l C+- Y*-closure of U 7T
BXB«O, AD

O<A<l

-.J yD([l, ID + Y*-closure of U yD«O, AD = yD«O, I)).
O<A<l

Suppose that N = yD«O, 1]). Using Corollary 1.5 and Theorem 4.1, it
follows that N = (Ul<A<+,-" ffB*([A, + oo)))~, so Me (Ul<A<+,-" .#'B*([A,

(0)));. Using again Corollary 1.5, we obtain Me XB«O, 1D, in contradic
tion with the choice of M. Consequently, N * yD«O, ID.

Suppose now that N" Y. Since M is .~-closed and M =/= X, there exists
if; E .~, if; * 0, which vanishes on M. Then if; vanishes on XB«O, ID C M too,
so, by Corollary 1.5 and Theorem 4.1, if; E ffB*([I, +00)) C ffB* = Y* .

It follows that 1J vanishes on m= Y *-c!osure on TT BM. It is clear that m
is a Y*·closed subalgebra of Y and since C + m= N = Y, it is also a two
sided ideal of Y. Following [24], Proposition 1.10.5, there exists a central
projection p of y such that m= Yp. Since if; * 0, we have 91 -I Y, so p-ft 1
and since C =/= Y, we have also p =/= 0. On the other hand, as

~ll -.J Y*-c!osure of U TTBXB«O, AD -.J U yD«O, AD,
O<A<l O<A<1

by Theorem 1.6(ii), it results

9l-.J U yD«O, AD +- U YD([A, + 00)).
O~A<l l<A<~T

Using Corollary 3.2, we obtain that

9( == Y*-c!osure of (U yD«O, A]) t- U YD([A, 00))),
0<.:\<1 1<i\<+::1~

so 9l is {VI}-invariant. Hence p E YD([l, ID = C and this means that either
p = I or p 0, both of which are impossible. Consequently, Ni= Y. Thus
we have a Y *-closed subalgebra N of Y, N -.J yD«O, 1D, N yD«O, 1D,
N Y.
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Let (I' / 0 be a normal positive functional on Y. Then c Vr rational

UrS( (I') is a nonzero projection in YLJ([l, I]) =c iC. so c 1. It follows that
there exists a faithful normal positive functional (Po on Y.

Since N Y, by [24], Theorem 1.8.9, there exist y f' V, a normal positive
functional p on Y, and En 0 such that

inf (y ;:-)*(y ;:-),p En.
>x

Then, obviously

Denote by 7T= 7T'I'OO, H H<ro ' ", ~ ~Q·oP. Since lJo p is faithful, 7T

induces a *-isomorphism of Y onto the von Neumann algebra 7T Y C B(H)

and (7TY)' = 7TY. The subspace

K n 7T( YD«O, ;\])N)~

is invariant relative to the one-parameter group of *-automorphisms of 7T Y
induced by {VI] via 7T, so it is either doubly invariant or simply invariant and
with support 1.

Let us suppose first that K is doubly invariant. Then

K [7T( YD«O, 0]))K]

C [7T( YD«O, myD«O, 2])N)~]

C [7T( YD«O, I ])N)~]

-;(f.I)~ C K,

K 7T(N)~,

and there exists a projection f E 7T Y with

K fH.

Since t E K, we have f~= ~, so

7T( N)t == fH ::) (7T( Y)t 7T( Y) /( =;;:(1')( H.

Consequently, there exists ;:- E .IV such that

/(v - z)* (Y"- :), <Jln +- p)

which is impossible.

7T( y) t - 7T(Z) t !,~ < En ,
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It follows that K is simply invariant and with support I and for all z '= N,

7T(Z) K C K.

Using the observation after Theorem 5.8, it follows that N C yD(O, I])
which is also impossible.

The obtained contradiction shows that X8«0, I]) is maximal between all
I-closed subalgebras of X which are not equal to X.

Since XLJ([I, f 00)) X8«0, 1])*, the same statement holds for
XLJ([I, co)) too. Q.E.D.

It would be interesting to have noncommutative extensions of Corollary 5.9.
We remark that the first part of the proof of Corollary 5.9, namely the
reduction to the case when X is a W*-algebra and {Ut} is an X *-continuous
group of *-automorphisms, is true also when X is not commutative.

Corollary 5.9 implies immediately Wermer"s Maximality Theorem (see
[16, p. 93]) and the fact that H'"'(SI) is a maximal <-closed subalgebra of
L'l.(Sl) (see [16, p. 194, Corollary: 14, Lecture IV, Section 2]). Similar
statements can be obtained in the cases X C~~ CII(lR), § M(IR), (Ud)(s) .~

J(s- t) and Xc Luc(IR),.'7 =c Ll(IR), (Utf)(s) ~~f(s - t).

Finally we shall give another application of the procedure to improve
implementing groups sketched before Corollary 5.6.

Let (X, .F) be a dual pair of Banach spaces and {U t } a bounded .F-con
tinuous one-parameter group in By;(X). We say that A E (0, i 00) belongs to
the spectrum a( U) of {Ut } if for each 0 I, the spectral subspace XlI([AO-\

1\0]) contains nonzero elements. It is easy to see that a(U) is a closed subset
01'(0, x).

The above definition of the spectrum of {U t ) is a reformulation of the
definition given in [3] : A E (0, ,- 00) belongs to the above-defined a( U) if
and only if In A belongs to the spectrum of {U I } as it is defined in [3].

There exists a connection between the periodicity properties of {Lit: and
its spectrum:

5.10. LE\olMA. Let (X,.F) be a dual pair of Banach spaces, {Ut}tEC'i a
bounded -F'-continuous one-parameter group in B-F(X), til 0, and All ===
e (217/t O).

Then thefollolVing statements are equimlent:

(i) Ut ,,= I:

(ii) a(U) C {All": n El'}.

Proof Suppose that (i) is verified.
Let AE(O, OO)\{All":nEl'}. Then there exists n"El' such that ),;;.\' 1 <

A <: A;;\ Let E °be such that A~A '1 <: ,\e 3E and '\e:1E
'\;;".
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Consider an arbitrary element x (C XB([Ae " Ac']) and let f= LJ(IR) be
such that! E C 2(1R),.f I on [In A 2E, In A 2E], and

suppf C [In A 3E, In A 3E)

C«(I1.,

By [8], Corollary 5.7,

1) In I\}. Il, In 1\1))
2(11,\ 1)77

to

Since s - ... I -- eito' does not vanishe on supp j, s .... ( I j( I -- cito')) j(s) is
a well-defined function with compact support belonging to C2(1R).

Consequently, there exists g E U(IR) such that j(s) = (I eito') g(s), that
is f(t) g(t) --- g(t -- tn). Using (i), it follows that

x § r"(g(t) g(t to)V,xdr
·--·:1-

.j:' -- r' g(t)( Vtx - V'i tox) dt O.
• _.rf

We conclude that XB([Ae- " Ac'])== {OJ, so Art a( V). Hence (ii) is verified.
Suppose now that (ii) is verified and let n E 71.. For each x E XB([Ao", Aon]),

by [8], Property (iv) of spectral subspaces and [8], Corollary 4.6, we have

c '!,fl7T;.r X.

Let further I, m E 71., I m. Using (ii) we obtain:

1I-!

Consequently, for each x E XB([A/, Anm ]) we have

Since U( ',,, XB([Ao', -'tt']) is .:r-dense in X, it follows that (i) is satisfied.
Q.E.D.

We shall prove now a particular property of minimal implementing groups.

5.11. LEMMA. Lct XC B(H) be a ron Neumann algebra andiV,:/E " an
X *-continuous one-parameter group ol+-automorphisms of X.

II {Ut ) Ie is a minimal il1zplementing group lI'ith support I for {U t : I~ c: then

a(u) C u(U).
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Pro(~f Let b be the analytic generator of {u t } and K - Hb((O, 1D. Then

n [XB((O, f-t])K], o A < +co.

Let ;\ I" (0, -;- co )\a( U). Then there exists 0 I such that for Ao-1 < f-tl
f-t2 < Ao we have XB«O, f-tlD = XB((O, f-t2])' Then for Ao- 1 < A) A:~ AS
we have HI'((O, Ad) H/J((O, A2D. Consequently A$ a(u). Q.E.D.

Using Lemmas 5.10 and 5.11, we can prove an implementation result
analogous to Corollaries 5.6 and 5.7:

5.12. THEOREM. Let XC B(H) be a /'On Neumann algebra, {Gt)tE:! an X*
continuous one-parameter group of *-automorphisms of X, and t u ~> O.

Then the following statements are equimlent:

(i) C I " c= I and there exists a strongly continuous
group {r l : Ie of unitaries on H sueh that

one-parameter

X EX, t E If{;

(ii) Ulo == I and there exists a simply inmriant subspace ~j'ith support I
relatire to {U

(iii) there exists a strongly continuous one-parameter group {UtLE:;; of
unitaries on H such that U t I and

"
X EX, t Elf{,

I. Thus (iii) holds. Finally,
Q.E.D.

Pro(if. The implication (i» (ii) is a consequence of Corollary 5.5.
Suppose that (ii) is verified; by Theorem 5.3, there exists a minimal

implementing group {UI} with support I for {UI}' Let Ao e-(217/lo).

By Lemma 5.10, a(U) C p.on; n El} and by Lemma 5.11 a(u) C a(U).

Consequently, a(u) C fAo"; n El}.
Using again Lemma 5.10, it results that UI

the im~ic;tion (iii» (i) is trivial. "

It is possible that Theorem 5.12 could be used in a treatment of Cannes
invariant r (see [10], second paragraph).

We remark that in general a( U) C a(B) and in many cases a(B) = the
closure of a(U) in [0, + co).

However, in [II] it is proved that if X L"'(If{),.F == U(If{), and (Ud)(s)
f(s- t), then a(B) C, so a(B) c(= the closure of a(Ll) in [0, co). The same
statement holds for X L"'(SI), .y.: - LI(Sl), and (Utf)( 0 f O.
These topics will be presented somewhere else.
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